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1 Introduction 

Suppose that E is an elliptic curve defined over Q, and that p is a prime where E 
has good ordinary reduction. Under the assumption that E is modular, one can define 
nonnegative integers A^^, /i^^, A^'*^ and /i^"^'. The "algebraic" Iwasawa invariants A^^ and 
yu^^ are defined in terms of the structure of the p-primary subgroup Sel£(Qoo)p of the Selmer 
group for E over the cyclotomic Z^-extension Qo^, of Q. The definition of the "analytic" 
invariants /i^^^ and A|°^' is in terms of the p-adic L-function for E constructed by Mazur 
and Swinnerton-Dyer [MSD74]. We will recall these definitions below. Our purpose in this 
article is to prove in certain cases that /i^^ = /i^"^' = and that A^^ = A^°^'. These equalities, 
together with a deep theorem of Kato, imply the main conjecture for E over <Qao- In this 
introduction, we will discuss the nature of our results and give an outline of the proofs for 
the case of modular elliptic curves. We want to point out, however, that the theorems proven 
in the text apply to modular forms, as well as to elliptic curves with multiplicative reduction 
at p. We will not attempt to state the most general versions here. 

If K is any algebraic extension of Q, then the Selmer group for E over K is a certain 
subgroup of H^{Gk, -E'(Q)tors)i where Gk = Gal (Q/K). The Selmer group fits into an exact 
sequence 

-^ E{K) (g) Q/Z -^ Seb(K) -^ m.E{K) 

where IIl£;(ii') denotes the Shafarevich-Tate group for E over K. Let K = Qoc,. Then 
r = Gal(Qoo/Q) acts on SelB(Qoo)- Its p-primary subgroup SelB(Qoo)p (to which we give 
the discrete topology) can be regarded as a A-module, where A = Zp[[r]] is the completed 
group algebra for F over Zp. Kato has proven that Sel£;(Qoo)p is A-cotorsion, as Mazur 



conjectured in [Maz72]. That is, the Pontrjagin dual Xe{Qoo) of Sel£;(Qoo)j3 is a torsion 
A-module. It is an easy result that Xe{Qoo) is finitely generated as a A-module, and so the 
classification of finitely generated A-modules asserts that one has a pseudo-isomorphism 

(n \ / "^ 

where one identifies A with the formal power series ring Zp[[r]] in the usual way: T = 7 — 1, 
where 7 is a fixed topological generator of F. The /j(r)'s are irreducible distinguished 
polynomials in A. The Oj's and the n/s are positive integers. One can then define the 
algebraic Iwasawa invariants by 

n m 

Xp = 5^a,deg(/,(r)), and 4^ = Y.f'r (1) 

For the formulation of the Main Conjecture, it is also necessary to define the "characteristic 
polynomial" for the A-module Xe{Q.oo)') it is given by 

n 

rE'{T)=p'-'-X[h{Tr. (2) 

Thus p^E^ is the exact power of p dividing f^^{T) in A, and A^^ = deg(/|j^(r)). 
One can also describe A^^ in the following group-theoretic way: 

(Seb(Qoo)p)di. = (Qp/Z,)^-^ 

To deduce this fact from the above definitions, one uses the fact that A/(/(r)) is a free 
Zp-module of rank equal to deg(/(r)), for any distinguished polynomial f{T). The roots of 
f^^{T) (counting multiplicities) are the eigenvalues of 7 — 1 = T acting on the vector space 
Xe{Qoo) ®Zp Qp, which has dimension A^^. The invariant A^^ can be quite large, as some 
of our later examples and remarks will show. On the other hand, it is expected that yu^^ is 
usually zero. But this is not always the case. Indeed, Mazur showed in [Maz72] that /i^^ 
can be positive for certain E and p. Here are some of the known results concerning /i^^: 

A. Suppose that Ei and E2 are elliptic curves defined over Q. Let p be an odd prime where 
El and E2 have good ordinary reduction. Assume that Ei[p] = E2[p] as Galois modules. 
Then Sel^^ (Qoo ) [p] is finite if and only if Sel^g (Qoo ) [p] is finite. Consequently, if Sel£;j(Qoo)p 
is A-cotorsion and //^^ = 0, then Sel£;2(Qoo)p is A-cotorsion and //^^ = 0. 



B. Suppose that E is an elliptic curve over Q, and that p is an odd prime of good ordinary 
reduction. Assume that E admits a cyclic Q-isogeny of degree p* with kernel $. Assume 
that the action of Gq on $ is ramified at p and odd. (That is, the action of an inertia group 
Ip is nontrivial, and the action of complex conjugation is by —1.) Then yu^^ > t. 

C. Suppose that E is an elliptic curve defined over Q with good ordinary reduction at an odd 
prime p. Assume that E admits a Q-isogeny of degree p with kernel $, and that the action 
of Gq on $ is either ramified at p and even, or unramified at p and odd. Then /i^^ = 0. 

The first result is rather easy to prove, and can be generalized to elliptic curves over 
any number field K. Let K^o = KQ^o , the cyclotomic Z^-extension of K. If E is an elliptic 
curve over K, then Mazur conjectured that SelB(ii'oo) should be A-cotorsion. The only really 
general result in this direction is due to Kato, who showed that SelB(ii'oo)p is A-cotorsion if 
E is defined over Q and is modular and K/Q is an abelian extension. The second result can 
be proven by using results of Poitou and Tate on the local and global Euler characteristics 
for the Galois cohomology of $. It can also be generalized (with a rather more complicated 
statement) to any number field K. The proof of the third result is based on the well-known 
theorem of Ferrero and Washington on the vanishing of the classical yu-invariant for abelian 
extensions of Q. In this case one can prove that the yu-invariant of SelB(ii'oo) vanishes if E 
satisfies the hypotheses of C and if K is a totally real abelian number field. One can find a 
rather thorough discussion of these results in [Gre99], where the case p = 2 is also treated. 
Also, the above results are valid if E has multiplicative reduction at p. 

We now define the analytic invariants. Suppose that E is a modular elliptic curve over 
Q, and that p is a prime of good ordinary reduction. For any Dirichlet character p, we let 
L(E/Q, p, s) denote the the Hasse-Weil L-series for E, twisted by the character p. Let Qe 
denote the real Neron period for E. If p is even, then it is known that L(E/Q, p, l)/flE £ Q, 
where we have fixed an embedding of Q into C. We also fix an embedding of Q into Qp. 
Mazur and Swinnerton-Dyer have constructed an element ^{E/Q,T) G A ® Qp satisfying 
a certain interpolation property which we now describe. Suppose that p G Hom(r,jUpoo) 
is a character of finite order. Since 7 is a topological generator of F, p is determined by 
p{l) = C ^ A*p°° • Oiie can view p as a Dirichlet character of p-power order and conductor. 
Assuming that p is nontrivial, its conductor is of the form p™, and, assuming that p is odd, 
( has order p™^^. Then J5f (E'/Q, T) is characterized by 

nE/Q, C - 1) = r(p-) • «r • ^M^lflll. (3) 

where p runs over the set of all nontrivial characters of F. Here t{p~^) denotes the usual 
Gauss sum, and ap denotes the eigenvalue for Frobenius acting on the maximal (1-dimensional) 



unramified quotient of the p-adic Tate module of E. Alternatively, ap is the unit solution of 
the equations ctp/^p = p and ap + Pp = I + p — ^E{¥p), where Fp is the finite field with p 
elements and E is the reduction of E at p. The power series ^{E/Q, T) is determined by 
this property because a nonzero element of A® Qp has only finitely many zeroes. Now a the- 
orem of Rohrlich [Roh89] states that L{E/Q, p, 1) 7^ for all but finitely many p of p-power 
conductor. Thus the element ^{E/Q, T) is nonzero. Using the Weierstrass preparation 
theorem, we define the invariants /i^^^ and A^**' by writing 
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^{E/Q,T)=p^^'^'-u{T)-f{T) 

where f{T) is a distinguished polynomial of degree A^°^', and u{T) is an invertible power 
series. We define f^^\T) = p^'e"^ ■ f{T), where f{T) is as above. One should have /i^"^' > 0. 
That is, f^^^(T) should be in ^^[r]. This is known when E[p] is irreducible as a Galois 
module and also when E[p] is reducible under certain additional hypotheses. The integrality 
of ^(E/Q,r) is discussed in Theorem 3.7. 

If p is odd, one can identify F with Gal (Q(jUpoo)/Q(yUp)). Let x denote the cyclotomic 
character giving the action of Gal (Q(jUpoo)/Q) on Upoo. We let k = x\r, which induces an 
isomorphism F = 1 + pZp. Then the p-adic L-function Lp(E/Q, s) is defined by 

Lp{E/Q,s) = ^{E/Q,k{^Y-^ - I). 

Even though the power series ^{E/Q, T) depends on the choice of 7, the function Lp{E/Q, s) 
is independent of this choice. Also, Lp{E/Q, 1) = ^{E/Q, 0), which was not specified above. 
If E has good reduction at p, it turns out that one has 

Lp{E/Q, 1) = ^{E/Q, 0) = (1 - a;'f^^^^/^, 

where ap is as above. Note that (1 — a~^) = (1 — lipP~^) is part of the Euler factor for p in 
L(E/Q, s), evaluated at s = 1. Now the Main Conjecture can be stated as follows: 

Conjecture (1.1) (Mazur) We have f^^T) = f'^'"'\T) 

Obviously, this would imply that /i^^ = /i^"^', and that A^^ = A^°^'. Kato has proven the 
following weaker statement: 

Theorem (1.2) (Kato) The polynomial f^^^T) divides f^'"'\T) in Qp[T]. 

As a consequence, it is clear that the equality A^^ = A^°^' implies that f^^{T) and f^^\T) 
differ by multiplication by a power of p. The further equality /i^^ = /i^^^ then implies the 
Main Conjecture. 



A proof of Kato's theorem in the form just stated (for modular elliptic curves with good, 
ordinary reduction at a prime p > 2) has been presented by Scholl and Rubin. (See [Sch98] 
and [Rub98].) A more general version is contained in [Kat] which applies also to cusp forms 
where p divides the level and of arbitrary weight. Under certain hypotheses, Kato even 
proves the divisibility in Zp[r]. 

Our results may be stated as follows. 

Theorem (1.3) Assume that E is a modular elliptic curve over Q, and that p is an odd 
prime where E has good ordinary reduction. Assume also that E admits a <Q-isogeny of 
degree p with kernel $, and that the action of Gq on $ is either ramified at p and even, or 
unramified at p and odd. Then A^^ = A|;""' and /i^^ = /i|;""' = 0. 

Theorem (1.4) Assume that Ei and E2 are modular elliptic curves over Q. Let p be an 
odd prime where Ei and E2 have good ordinary reduction. Assume also that Ei[p] = E2[p] 
as Galois modules, and that these are irreducible. If the equalities //^^ = //|;"'*' = and 
A^'f = A|7' hold, then so do the equalities /ig = //|"/' = and Ag = A|"/^ 

The set of primes where these theorems apply is rather limited. The hypotheses in 
theorem (1.3) can hold only when p = 3,5, 7, 13, or 37. However, for the first four of these 
primes, there are infinitely many distinct j-invariants Je which can occur. The hypotheses are 
also preserved by even quadratic twists of conductor prime to p. If one is willing to consider 
more general modular forms, then one can prove a similar theorem for any p dividing certain 
Bernoulli numbers. 

As an illustrative example of theorem (1.3), take p = 5, and let J denote any of the 
three nonisomorphic elliptic curves of conductor 11. It is known that the G(Q-module J[5] is 
reducible and has composition factors isomorphic to 1J.5 and Z/5Z as G(Q-modules. Let tp be 
an odd quadratic character such that ■0(5) 7^ 0, corresponding to the imaginary quadratic 
field Q(\/— c), and let E = J_c denote the associated quadratic twist. The curve E has 
a cyclic Q-isogeny of degree 5 with kernel isomorphic to either 115 ® ip or (Z/5Z) ® ip, 
so that theorem (1.3) clearly applies. Thus yu^^ = ij.^^^ = 0, and, as we will later prove, 
A^^ = A^**' = 2A^+e^, where A^ denotes the classical A-invariant for the imaginary quadratic 
field Q{^/—c) and for the prime p = b, and e^ = if 11 is inert or ramified in this field, 
e^ = 1 if 11 splits. There are examples (found by T. Fukuda) where A^ is quite large. The 
record so far is A^ = 10 for c = 3,624,233. In this case Aanai = Aaig = 21. As we have 
remarked above, the Main Conjecture is valid for E. Unfortunately, if E' is a quadratic twist 
of J by an even character, we can prove very little. If J = Xo(ll), then both /j.^^ and /j.^ 
are positive. If J is the curve IIC in Cremona [Cre92], then we would expect /J^^ and yu^ 
to be equal to zero. We can prove neither equality. Even if this were true, we don't know 
how to prove the equality A^^ = A|°^'. 
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As an example for theorem (1.4), consider the two elliptic curves 

E^:y^ = x'^ + x- 10, E2:y^ = x'^ - hMx + 5444. 

Then Ei and E2 are modular, and have conductors 52 and 364 respectively. We will take 
p = 5. We find that Ei[p\ = E2[p\ by comparing the ^'-expansions of the associated modular 
forms, and by observing that neither curve admits a rational 5-isogeny. Both curves have 
good, ordinary reduction at 5. Now one has L{Ei/Q, 1)/^Ei = 1/2 G Z5 . Also, ^EiiWr,) = 
4, and 05 = 2 (mod 5Z5). Thus 1 - psb'^ = I - a^^ ^ (mod 5Z5), so that ^{Ei/Q,T) 
must be in A^. This means that f^^^{T) = 1 and (i^^f = A|°^' = 0. On the other hand, 
a well-known result of Kolyvagin shows that Sel£;j(Q)5 = 0. One can deduce from this fact 
(together with the facts that #£'i(F5) = 4, and that the Tamagawa factors C2 = 1, C3 = 2, are 
all 5-adic units) that Sel£;j(Qoo)'" = 0. This implies that Sel£;j(Qoo) = 0, and so f^^(T) = 1, 
^sf — I^E^ — 0- Thus the hypotheses of theorem (1.4) are satisfied, and we can conclude 
that yug = /i|°^' = 0, and that Ag = A|°^'. The proof of Theorem (1.4) will show that Ag 
and A^^**' are both equal to 5. More precisely, it turns out that we have 

^ £^2(Qoo) ® Q5/Z5 ^ Seb,(Qoo)5 ^ ^eMoo)5 -^ 

with £^2(Qoo)®Q5/Z5 = Q5/Z5 and UIeMoo)5 = (Qs/Zs)'. The Mordell-Weil group E^iQ) 
has rank one, and the first group above is just the image of £^2(0) ® Q5/Z5 under the 
restriction map Sel£2(Q)5 -^ Se^E2{Qoo)5- 

In [RS93], Rubin and Silverberg have shown that there are infinitely many elliptic curves 
E/Q such that £^[3] or £^[5] has a given structure as (jQ-modules (assuming that at least 
one such curve exists). They describe the family of such curves in terms of a rational 
parametrization. In particular, the curves E such that £'[5] = £'i[5], where Ei is as above, 
are given by 

E -.y^ = x^ -\-a{t)x-\-b{t), 

where a{t) and b{t) are explicitly specified polynomials over Q (of degree 20 and 30 respec- 
tively) and t e Q satisfies A(t) = 4a(t)^ + 276(t)^ ^ 0. One can then verify that each of these 
curves is modular and has good ordinary reduction at p = 5. Theorem (1.4) then implies 
that 11^^^ = ii"^ = 0, and that A^°^' = A^^. The Main Conjecture also holds for each such 
E and p = b. Interestingly, it can be shown that the A-invariant is unbounded in the family. 
We will now outline the structure of the proofs. Let E be an elliptic curve over Q and 
let p be a prime of good ordinary reduction for E. The Selmer group Sel£;(Qoo)j3 is defined 
as the kernel of the following "global-to-local" map 

H'{([h/Qoo,E[p°°]) ^ Yl-HtiQoo), (4) 



where E denotes any finite set of primes containing p, oo, and the primes of bad reduction 
for E. For each finite prime £ G S, the group 'Ht{Qoo) is defined by 

Here rj runs over the finite set of places of Qoo over £, and (Qoo)?; denotes the union of the 
completions of the finite layers Q„ at rj. Also, k^j denotes the local Kummer map 

S : £^((Qoo),) ® Qp/^p -^ H\{Q^)^, E[p'^]). 

If £ = oo and p is odd, then we simply take "Hf (Qoo) = 0. (A more careful definition would 
be necessary if p = 2, especially because oo splits completely in Qoo/Q- We will not go into 
this here.) For each £ E T,, the group 'Hf(Qoo) is a cofinitely generated A-module. The group 
'Hp{Qoo) has A-corank 1. For £ ^ p, it can be shown that 'Ht{Qoo) is A-cotorsion, and has 
//-invariant 0. Its structure is not hard to study. A helpful and easily verified fact is that 
E{{Qoc)r])®Qp/'^p = when r] is prime top, so that the image of «:^ is zero. Hence 'Hf(Qoo) is 
simply the product llr,\eHHiQoo)n,E[p'^]). It turns out in fact that ^^(Qoo) = {Qp/1^pYe , 
where a^ is a non-negative integer which is easily determined from the Euler factor for £ in 
L(E/Q, s). Let hJ{T) G A denote the characteristic polynomial for the A-module ^^(Qoo)^, 
where the hat indicates the Pontrjagin dual. This polynomial has degree a^ . 

Let So be any subset of S which does not contain p. We define the corresponding "non- 
primitive" Selmer group by 

Sel^°(Qoo), = ker(/fi(Qs/Qoo,^b°°])^ H ^^(<Qoo)). 

^es-So 

This group will play a crucial role in our arguments. Its main advantage is that if Sq 
is chosen to contain all primes of bad reduction, and if p is odd, then Sel^°(Qoo)p[p] is 
determined completely by the (jQ-module E[p\. We will be more precise about this later. 
Assuming that Sel£;(Qoo)p is A-cotorsion (which has been proven by Kato when E is modular 
and has good or multiplicative reduction at p), one can show that the map (4) defining the 
Selmer group is surjective. It follows that 

Seli°(Qoo)p/Seb(Qo,)p ^ \[ Uti^oo). (5) 

teSo 

Consequently, if we denote the characteristic polynomial of the A-module Sel^°(Qoo)jr by 

/?Eo(r) = /l'^(r)n4'Hr), (6) 



and the A-invariant of Sel^°(Qoo)p, which we denote by A^\. , is given by 

As for the //-invariant, it is obvious that /i^^ = n%% . If yu^^ = 0, then, as we will explain 
later, it turns out that Sel^°(Qoo)j3 is a divisible group if Sq is chosen as above. In particular, 

Seli°(Qoo)p = (Qp/Zp)'"'-o, 

and therefore we find that X^^\ = dimpp (Sel^°(Qoo)p[p]). As we mentioned above, Sel^° (Qoo ) [p] 
is determined by the Galois module E[p\ if Sq is chosen suitably. Thus E[p\ determines A^^, 

and we can then recover A^^ from (7). Note that E[p] does not determine A^^. This is clear 
from the example of Ei and E2 given previously. 

There is a similar story for the p-adic L-functions Lp{E/Q, s). We assume that E is 
modular, and that it has good ordinary reduction at p. Let Sq again be any finite set of 
primes not containing p. For any Dirichlet character p, we denote by L^° {E/Q, p, s) the 
nonprimitive complex L-function formed from L{E/Q, p, s) by simply omitting the Euler 
factors for the primes in Sq. If ^ is any prime, we denote the corresponding Euler factor by 
Pi{E/Q,pJ-'), where 

Pt{E/Q,p,X) = {l-p{£)atX){l-p{£)/3tX), 

for the usual quantities ai and Pi. (Possibly one or both of ai, Pi are zero.) Then 

L^°(£:/Q,p,s) =L(E/Q,p,s) n Pi{E/Q,p,r'). 

ieT.0 

It is easy to modify ^{E/Q, T) to construct a nonprimitive p-adic L-function. We want to 
define an element ^^° {E/Q, T) G A (g) Qp by requiring that 

^-(E/Q,C-l) = r(p-').„-"-.^!:<£(^Ai) 

for each nontrivial character p G Hom (F, /i^oo), with the notation as in (3). For £ G Sq, let 
7f denote the Frobenius automorphism for £ in F = Gal (Qoo /Q) . (Note that £ is unramified 
in Qoo/Q, since £ ^ p.) Consider the element 

^t = {l- ad-'li){l - /3t£-'7t) G Zp[[F]]. 



We will write the element S^i of Zj,[[r]] as a power series S^ii^T). To do this we replace 7^ 
by (1 + T)^\ where fi G Zp is determined by 7-^^ = 7^. Since p(7^) = p{C) when p is viewed 
as a Dirichlet character, it follows that 

Thus we simply define 

^^°(E/Q,r) =^(E/Q,r) J] ^t,{T). 

Note that ^^(T) is a nonzero element of A which is not divisible by p. We will show later that 
^t{T) generates the characteristic ideal of the module 'Ht{QooT- If we define the polynomial 
/l;°So(^) ill the same way as in the primitive case, it follows that 



f^%iT) = fr\T)l[h^^\T). (8) 

The degree A^^fJ^^ of f^^^^ (T) is given by 

One can also define the /x-invariant //^fJ^ in the obvious way. One clearly has //^fJ^ = /i|°^'. 
Combining the above observations with the previous considerations yields the following 
result. 

Theorem (1.5) Assume that E is a modular elliptic curve with good ordinary reduction at 
p. Let Eo be any finite set of nonarchimedean primes not containing p. Then the following 
equivalences hold: 

i ,,0'iS ..anal ^ ^ ,,o■^ ..anal 

1. fl^ — P-E '^ ^ t-^EXo ~ f-^EXo 

6) \0'l9 \ anal i v \ "'S \ o-nal 

'i- ^E - ^E ^^ ^E,T.o — ^B,So- 

3. fEHT) = frKT) ^^ fE%,iT) = f^%{T). 

This theorem is crucial to our arguments because it is only the nonprimitive p-adic L- 
functions and the nonprimitive Selmer groups corresponding to a suitable choice of the set 
So which behave well under congruences. The observation that a "main conjecture" should 
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be equivalent to a nonprimitive analogue is an old one. In the context of classical Iwasawa 
theory (involving Kubota-Leopoldt p-adic L-functions) such an equivalence was proved in 
[Gre77] 

Now we can describe the proof of Theorem (1.4). Suppose that Ei and E2 satisfy the 
stated conditions. By theorem (1.5), we have A^^j.^ = A|°^^o- Choose E to be a finite set 
of primes containing p, 00, and all primes where either Ei or E2 has bad reduction. Let 
So = S — {p, 00}. We are assuming that p is odd and that Ei[p] = £'2[p]- Since /i^^ = 0, 
it follows that /i^f^ — 0' ^^'^ ^^at Sel^°(Qoo)j3[p] is finite. Thus Sel^° (Qoo ) [p] is finite too, 
which implies that /i^^ s — I^e^ ~ ^- ^^ obtain the equality of A^^^. and A^^^. , since, 
as remarked earlier, these now depend only on Ei[p] = E2[p]. The analogous results for the 
analytic invariants are proved by a theory of congruences for L-functions. More precisely, 
we show that 

^^°(^i/Q,r) =«-^^°(^2/Q,r) (modpA), (10) 

where u E Z^. Since the vanishing of /i|°^' implies the vanishing of A'^j'^So' ^^ ^^^ ^^^^ 
I^E^^ho ^^^ i^^E^ vanish as well. It is then clear that the degrees of f^^^^{T) and f^^^^{T) 
coincide. Here we use the fact that if ^{T) G A is any power series such that p \ ^{T), 
then ^(r) = u{T) ■ f{T) where f{T) is a distinguished polynomial, u{T) is in A^, and the 
degree of f{T) is determined by the image of ^(T) in A/pA. Thus we obtain the following 
equalities: 

\alg Aalg \anal \anal 

^£2,30 ~ ^Bi,So — ^Bi,So — ^B2,So- 

Then by theorem (1.5) we obtain A^^ = A^^**' as stated in theorem (1.4). 

Now assume that E satisfies the hypotheses of Theorem (1.3). Then there is an exact 
sequence 

^ $ ^ £^[p] ^ * ^ (11) 

of Gdj-modules, where $ and \l/ are cyclic of order p. Let cp and tp denote the corresponding 
Fp -valued characters of Gq. We may view these as taking values in Z^ , and then we have 
(pip = uj, where u is the usual Teichmiiller character. Replacing E by an isogenous elliptic 
curve if necessary (which turns out not to affect any of the Iwasawa invariants), we may 
assume that ip is ramified at p and even, so that ip is unramified at p and odd. Consider 
the G(Q-modules C = iipo^ ® tp^^ and D = (Qp/Zp) ® tp. Each is isomorphic to Qp/Zp as a 
group, and we have $ = C[p] and \l/ = D[p]. Classical Iwasawa theory, which involves the 
study of certain natural Galois groups regarded as A-modules, can be reformulated in terms 
of certain subgroups Sc (Qoo) and SoiQao) (which we also refer to as "Selmer groups") of 
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the Galois cohomology groups H^{Qoo,C) and H^{Qoo,D) respectively. The classical Main 
Conjecture (which was proven by Mazur and Wiles) gives a precise connection between the 
structure of these Selmer groups and the p-adic L-functions attached to C and D. These 
p-adic L-functions are essentially the Kubota-Leopoldt p-adic L-functions, and are defined 
by elements ^{C, T) and ^{D, T) of A satisfying a certain interpolation property. These 
power series are closely related: we have ^{C,T) = ^(D,T''), where T^ = (1 + T)~^ — 1. 
(The ring A has a natural involution i induced by 7 ^ 7~^-) The Ferrero- Washington 
theorem asserts that the //-invariants of these power series as well as those of the A-modules 
Sc (Qoc) and Sd{Qoc) are all equal to zero. The corresponding analytic A-invariants are 



i 



equal: A^"**' = A^^'. Furthermore, one has S'c(Qoo) — SDiQooY as A-modules, where the 
indicates changing of the A-module structure by the involution i. Thus we get A^^ = A^^. 
The main conjecture for C and D shows that A^**' = A^^ = A^^ = AfJ"^'. The analogue 
of theorem (1.5) is also valid. Let Eq be any set of primes not containing p. One can 
define non-primitive Selmer groups as before, as well as non-primitive p-adic L-functions. 
The //-invariants will still be zero, and the equality A^°^' = A^^ implies A^l'^^ = A^^j. . The 
corresponding statement also holds for D. However, one does not usually have Ac,Eo = ^r',Eo- 
Suppose now that E is a finite set of primes containing p, 00, and the primes of bad 
reduction for E. Let Sq = S — {p, 00}. The exact sequence relating E[p] to $ and \l/ will 
then allow us to prove that /j.^^ = (as a consequence of the Ferrero- Washington theorem) 
and that X^^\ = A^^j. + A^^j. . As for the analytic side, we will use (11) to produce the 
congruence 

^^°{E/Q,T)=u^^°{C,T)-^^°{D,T) (modpA), (12) 

where u E Z^. The Ferrero- Washington theorem again shows that /if*' = fJ.^^^ = and 
the above congruence then implies that A^fJ^^ = A^^l'^^ + Xf^%^ ■ We conclude from the Main 
Conjecture for C and D that X^^\ = A^fJ^. The equality A^*^ = A^**' is then a consequence 
of theorem (1.5). 

We want to briefiy describe the technique used to produce congruences between p-adic 
L-functions as in (10) and (12). The basic idea goes back to fundamental work of Mazur (see 
[Maz77] and [Maz79]), where it was made clear that congruences between analytic L- values 
could be studied using the Hecke-module structure of the cohomology of modular curves. 
It turns out that what one needs is a certain "multiplicity-one" result for this cohomology, 
and this was subsequently provided by work of Mazur, Ribet, Wiles, and others. The result 
(10) was essentially proven in [Vat97], where multiplicity-one was used to define canonical 
periods associated to modular forms. The result (12) has its origins in the paper [Maz79], 
where the case Jo{N) was treated, when A^ is a prime. In particular, Mazur considered the 
curve E = Xo(ll). His key idea was that the exact sequence (11) may be viewed as giving a 
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congruence between the weight 2 modular form associated to E and a certain Eisenstein series 
G{z) whose associated Dirichlet series L(G, s) is given by L(G, s) = L(ip, s) ■ L((puj~^, s — 1). 
The congruence (12) is the translation of this fact into the setting of L-functions: the L- 
function of E is congruent to the L-function of G{z). This idea of Mazur was subsequently 
generalized by Stevens to arbitrary level in [Ste82], but Stevens' result was subject to certain 
unverified hypotheses (see [Ste82], page 109, and Sec. 4.2.) These restrictions were replaced 
by similar (but easily verified) conditions in [Vat97]. For the purposes of this paper, we 
have to go still further and analyze the "canonical periods" associated to modular forms in 
[Vat97]. When the modular form / corresponds to an elliptic curve E, we show that the 
canonical periods of / are essentially the Neron periods of a certain curve (the optimal curve) 
in the isogeny class of E. 

Fundamental to this approach is the fact that the congruences (10) and (12) involve 
the nonprimitive L-functions L^°(- ,T). This is the analytic counterpart of the fact that 
the Galois module E[p] determines only the nonprimitive Selmer group. Consider the first 
congruence (10). Thus fix two elliptic curves Ei/Q,i = 1,2, together with an isomorphism 
Ei[p] = E2[p] of (irreducible) Galois modules. Let fi{z) denote the newform of level Ni 
corresponding to Ei. We assume that {Ni,p) = 1, and that the Ei have ordinary reduction 
at p. Let So denote the set of primes dividing N1N2. Our hypothesis Ei[p] = E2[p] implies 
that if fi{z) = Y2 (ii{f^)Q^-, then we have the congruence ai(n) = 02(71) (mod p) for all n with 
(n,7ViA^2) = 1. Let 

{n,NiN2)=l n>l 

We then have L{gi, s) = T,bi{n)n~^ = L^°{Ei/Q, s). Furthermore, there exists an integer M, 
divisible only by the primes in Sq, such that each gi is a modular form of level M and weight 
2, an eigenform for all the Hecke operators Ti, Uq. Hence there are ring homomorphisms 
Cj : T ^ Z such that ei{Ti) = bi{l) for I ^ Eq and Gi{Ug) = for all g G Eq, where 
T = Z[Ti, Ug] is the Hecke algebra of level M, weight 2. We have ei{T) = 62 (r) (mod p) for 
all r e T and therefore there is a unique maximal ideal m of T containing ker (ei), ker (62) 
and p. The residue field T/m is just Fp. Thus Ti = bi{l) = 62(0 (mod m) for all / ^ Eq and 
Uq = (mod m) for q' G Eq. 

Let T^ denote the completion of T at m, which is a direct factor in the semilocal Zp- 
algebra T ®a Zp. Thus T^ is a free Z^-module of finite rank and the hypothesis that Ei[p] 
is irreducible implies that T^ is Gorenstein. (This is corollary 2 of theorem 2.1 in [Wil95]. 
Earlier versions of the Gorenstein property for Hecke rings were proved by Mazur, Ribet, 
Edixhoven and others. Wiles' version is the most general. Equivalently, H^{Xi{M),Z)^ 
is a free T^-module of rank 1. Here H^{Xi(M),Z) is the usual Betti cohomology of the 
modular curve Xi(M) with coefficients in Z. The superscript ± indicates the eigenspaces 
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for the action of complex conjugation, and the subscript m denotes the m-adic completion 
with respect to the natural structure as a T-module. 

Let S'2(ri(M),Z) denote the cusp forms of weight 2 for ri(M) with Fourier coefficients 
in Z. It is known that S2{Ti{M),Z) can be identified with Hom(T, Z) as T-modules (DI95, 
proposition 12.4.1). Thus, S'2(ri(M), Z)^ = Hom(TTO,Zp) and the Gorenstein property 
of Tm states that Hom(Tm,Zj3) is isomorphic to T^- Hence S'2(ri(M), Z)^ is also a free 
Tm-module of rank 1 and so there are isomorphisms 






which are equivariant for the action of T^- 

To prove the congruence (10), it suffices to show that 

^^°(^i/Q, C - 1) = «^^°(£^2/Q, C - 1) (mod pZ,[C]) 

for all p-power roots of unity ( and for some u ^ Ij^ independent of (. This is clear 
because if ^(T) = T^CjT^ e A is not divisble by p and if cx is the first unit coefficient, then 
^(C — 1) and (C — 1)'*' have the same valuation when ( has sufficiently large order. Applying 
this to ^(T) = ^^o(Ei/Q,r) - u^^°{E2/Q,T), it follows that ^(T) = (modpA)- 
Now, as is well-known, one can obtain the values r(p^^)L(£'j/Q, p, 1) from the differential 
forms uji{z)^ = {gi{z)dz)^ G H^{Xi{M),C)^ (by integration along paths joining the cusps 
of Xi(M)(C) and forming certain linear combinations). Since Ei[p] = E2[p] implies that 
ap{Ei) = ap{E2) (modpZp), it is enough to prove a congruence for values of integrals 
involving uji{z)'^/Q^. G H^{Xi{M),Q)'^ , where fl^, denotes the real or imaginary Neron 
period for Ei. On the other hand, we can define cocycles 5f = 0^{gi) G i7^(Xi(M), Z)^ 
and we clearly have S^ = S2 (modp). (This means that we have a congruence modulo 
pH^{Xi{M),7i)'^. We use similar notation elsewhere.) Now Sf must be a rational multiple 
of uji{z)'^ /fl^.- To establish the congruences involving ^(E'j/Q, ( — 1), the key result that 
we need is that there exist p-adic units Mj such that 

This is the main result of section 3. 

There is an analogous explanation for the congruence (12). But the argument is slightly 
more delicate in this case, as the Gorenstein property is unknown in general. To fix notation, 
let E/Q denote an elliptic curve, with corresponding newform / = ^ ««<?" of level N. 
Assume that there exists an exact sequence of Gal (Q/Q)-modules 



^ $ ^ E[p] ^ * ^ 
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where Gal (Q/Q) acts on $ and \I/ by abelian characters (/? and ip respectively. We assume 
that the character ip is odd and unramified. (The case where ip is even and ramified is 
similar). Let Sq denote the set of primes dividing A^, and let g = ^. ^n ^ a„q'" = ^ bnq'^. 
Then g is an eigenform for all the Hecke operators of a suitable level M, and we have 
L{g, s) = Lj^g{f, s). We let m denote the maximal ideal of characteristic p determined by g 
in the Hecke ring T of level M. Under these hypotheses, it is known that there exists an 
isomorphism 

e : S2{T,{M),Z,)^ ^ H\X^{M),ZX- 

We define a canonical cocycle Sg = 9{g) e H^ {Xi{M) , Zp)"*". As before, it can be shown that 

we have 

{g{z)dzy 



S, 



^ u-nt 



where fl~^ denotes the real Neron period for E, and u is a p-adic unit. We remark here that 
although E belongs to a nontrivial class of p-isogenous curves, the cocycle Sg depends only 
on g, and is independent of the choice of E in the isogeny class. The unit u may depend on 
the choice of E. Implicit in the equality displayed above is the statement that the period 
Qe is an invariant of the isogeny class, up to p-adic unit. 

Now let G{z) = '^CnQ^ denote the Eisenstein series with L-function given by '^Cn'n~^ = 
Lj]o('0, s) •Lj]o('0^^, s — 1). Then we have the congruence c„ = bn (mod p), for n> 1. Mazur 
and Stevens have shown how to construct an Eisenstein cocycle Sq G H^{Xi{M),Wp)~^[m], 
associated to G. Here ¥p denotes the finite field with p elements and H^{Xi{M),Wp)~^[m] 
denotes the kernel of m acting on the Betti cohomology of Xi(M), with coefficients in F^ 
(see [Maz79] and [Ste82]). The proof that the Eisenstein cocycle Sq is nonzero is based on 
a deep theorem of Washington [Was78] . 

On the other hand, if we write Sg for the reduction of the cocycle Sg, then clearly we have 
Sg G H^{Xi{M),¥p)~^[m]. It turns out that Sg is nonzero. Now, the q'-expansion principle 
implies that H^{Xi(M),¥p)~^[m] is a 1-dimensional vector space over F^. This is the crucial 
part of Mazur's original argument, for it implies that the cocycles Sg and Sq coincide up to a 
factor in F^ . This is enough to imply the congruence (12), in view of Stevens' calculation (via 
Dedekind sums) of the special values of the modular symbol associated to Sq (see [Ste82], 
Chapter 3). 

In the following sections, we will fill in the details of the arguments outlined above. On 
the algebraic side, one very helpful fact is that the Selmer group SelB(Qoo)p has a description 
which involves just the Galois module structure of E[p°°]. If E has good, ordinary reduction 
at p, then SelB(Qoo)p coincides with the Selmer group Sel£;[j30o] (Qq^ ) considered in [Gre89]. 
This simplifies the study of Sel^; (Qoo ) [p] and is the basis for our proofs. Our results make 
sense in a rather general context - that of Selmer groups attached to modular forms. We 
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will give the arguments in this more general setting. In particular, we will treat the case 
where E has multiplicative reduction at p. If E has nonsplit multiplicative reduction at p, 
then the arguments described in the introduction go through almost unchanged. However, 
HE has split multiplicative at p, then there is an interesting difference: SelB(Qoo)p coincides 
with the "strict" Selmer group considered in [Gre89]. But Se[po°]{Qoc) is actually bigger. 
This corresponds to the fact that the associated p-adic L-function has a trivial zero. It is 
only when the trivial zero is included that our approach proceeds smoothly. 

On the analytic side, the case of multiplicative reduction does not introduce any serious 
problems. The only difficulty appears in the comparison of the canonical periods and the 
Neron periods, where one has to generalize a theorem of Mazur (concerning the "Manin 
constant" of a strong Weil parametrization of an elliptic curve by Xo(N)) to the case of 
parametrizations by Xi(N). This is mildly technical, as the reduction to characteristic p 
of Xi (N) can be quite complicated even when N is divisible only by the first power of p, 
and Mazur's original argument does not generalize directly. Even though it is not strictly 
necessary, we have chosen parametrizations of elliptic curves by Xi{N), rather than the 
more customary Xo(N). The reason for this is connected to the behaviour of the p-adic L- 
functions under isogeny, and may be briefiy described as follows. In the setting of Theorem 
(1.3), the elliptic curve corresponds to a nontrivial isogeny class A. For the purposes of the 
proofs, one is forced to select a good representative of the class in question. The correct 
curve to use turns out to be the so-called optimal curve £'°p* considered by Stevens in his 
paper [Ste89]. This curve is singled out by the requirement that there exist an embedding 
£;opt ^ J^{N), for the Jacobian variety Ji(iV) of Xi{N). It seems that E°p^ rather than 
any other (the strong Weil curve in A might be another candidate) is the "correct" curve 
to use when questions of integrality and congruence are as issue, as the associated lattice 
of Neron periods is conjectured to be "minimal" in a certain precise sense. Furthermore, 
parametrizations by Xi{N) enjoy a certain universality property (see [Ste89], Theorem 1.9). 
Stevens has even conjectured that the optimal curve is characterized by internal rather than 
modular considerations. Namely, he conjectures that E°^^ is the curve in A of minimal 
Faltings-Parshin height. We will in fact need some of the results of Stevens in our proofs 
of Lemma (3.6) and Corollary (3.8). However, we will not attempt to discuss the work of 
Stevens here. The reader will find a detailed account in the introduction of [Ste89]. (See 
also Remark (3.9) below.) Here we will content ourselves with a description of the situation 
when A is the isogeny class consisting of the three nonisomorphic curves of conductor 11. 
(This example was already mentioned above). In this case, the strong Weil curve is Xo(ll). 
As we have already remarked, the //-invariant of Xo(ll) is positive. The optimal curve is 
Xi(ll), and it turns out that the yu-invariant vanishes. In view of Theorem 2.1 in [Ste85], 
one could even conjecture in general that the /i-invariant vanishes for the optimal curve in 
an isogeny class. 
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2 Non-primitive Selmer groups 

We will consider Selmer groups in a more general context than we actually need. Let E be 
a finite set of primes of Q containing p and oo. Suppose that Gal (Qe/Q) acts continuously 
and linearly on a vector space Vp over a field Fp. We assume that d = dim.F^{Vp) < oo and 
that Fp is a finite extension of Qp. Let O denote the ring of integers of Fp. Let Tp be a 
Gal (Qs/Q)-invariant C-lattice in Vp. Then A = Vp/Tp is a discrete Gal (Qs/Q)-module 
which is isomorphic to {Fp/OY as an C-module. If d^ denotes the dimension of the (±1)- 
eigenspaces for a complex conjugation, then c? = c?"*" + d~ . Fix an embedding Q -^ Q^. We 
can then identify Gq^ with a decomposition group for some prime of Q over p. We will 
assume that Vp contains an Fp-subspace Wp of dimension c?"*" which is invariant under the 
action of Gq^ . Let C denote the image of Wp in A under the canonical map Vp ^ A, and 
let D = A/C. 

The Selmer group S'^(Qoo) is defined by 



S 



AWEoo, 






where T-Li{Qoc, ^) is defined as follows, li £ ^ p, we simply let 

nt{Q^,A) = llH'{{Q^),„A). 

r)\t 

The product is over the finite set of primes rj of Qoo lying over £. There is unique prime ?7p 
of Qoo lying over p. Let I^j^ denote the inertia subgroup of G(q^) . We define 



np{Qoc,A)=H\{Q^)r,^,A)/L 



nv'' II Vp 



where 



L,^ = ker {H'm^),^,A) ^ H'{I,^,D)). 

Thus if (T is a 1-cocycle of Gal (Qe/Qoo) with values in A, then its class [a] is in 5'^ (Qoo) if 
and only if [a\i^ ] is in the image of the map H^(I^^, C) -^ H^(I^^, A) and [c^lcfQ^j ] = for 
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all ri\£,£ e E with i ^ p. Let /^ denote the inertia subgroup of G(^q^)^. Then (j((Q^)^//^ has 
profinite degree prime to p. So the last condition is equivalent to [(j|/^] = for ?7|£, £ G S, 
and £ ^ p. It is not hard to see that 5^1(000) is independent of the choice of S (as long as 
A is a Gal (Qs/Q)-module and p, 00 e E). 

Now the groups //^ (Qs /Qoo , ^) , //'(Qs/Qoo, ^), ?^KQoo,^), and ^^(Qoo) are discrete 
C-modules with a natural action of F = Gal (Qoo/Q)- Regarding them as A-modules, where 
A = C[[r]], they are known to be cofinitely generated. Using the results in sections 3 and 4 
of [Gre89], one can easily verify the following statements: 

1 . CorankA {HHQj,/Q^,A)) = d- + CorankA {HHQj,/Q^,A)). 

2. CorankA (-Hp(Qoo)) = c?". 

3. CorankA(-Hf(Qoo)) = Oif£^p. 

In our results, we will generally assume that ^^(Qoo) is A-cotorsion. This clearly implies 
that H^{Qe/Qoo,A) has A-corank d' , that H'^{Qs /Q^o, A) is A-cotorsion, and that the 
cokernel of the map 

J : H\%:/Q^,A) ^l[n,{Qoo,A) 

is A-cotorsion. Assuming that p is odd, Proposition 4 of [Gre89] would then imply that 
^^(Qs/Qoo, ^) = 0. (If p = 2 one would only get that H'^{<l^/Q, A) has exponent 2.) As for 
the cokernel of 7, the following result is crucial. Although proofs can be found elsewhere, we 
sketch a proof based on a generalization of a theorem of Cassels. We let A* = Hom (Tp, /ip^), 
which is also a discrete C-module with an action of Gal (Qe/Q)- 

Proposition (2.1) Assume that Sa{Qoo) is A-cotorsion and that H^{Qao,A*) is finite. 
Then 7 is surjective. 

Proof. It is enough to prove that coker(7) is finite. The result would then follow because 
the Galois group G((Q<^) has p-cohomological dimension 1 for any prime r] of <Qao and so 
^^(Qoo) is a divisible group for each /. Now let k : F ^ 1 -\-pZp be an isomorphism. For any 
t e Z, we let At = A (^ k*, which is another Gal (Qs/Q)-module. We can define a Selmer 
group SAtiQoo) just as before. (For the local condition at rjp, one uses the Gq^, -invariant 
submodule Ct = C ® k* oi At and the corresponding quotient Dt = At/Ct.) SAtiQoc) is then 
the kernel of the map 



7« : H\%: /Qoo, At) ^ [^-^^(Qoo, ^). 
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Clearly At = A as Gal (Qs/Qoo)-inodules and so it will suffice to show that coker(7t) is 
finite for at least one choice of t. We will do this by studying the cokernels of analogous 
"global-to-local" maps defined for the fields Q„ = Q^ for all n > 0. Here r„ = T""' , Q„ is a 
cyclic extension of Q of degree p", and Qoo = U„Q„. Several requirements will be imposed 
on t in the course of the proof. Two of the requirements are: (i) (S'yi(Qoo) ® «:*)'"" is finite 
for all n > 0, (ii) (A(Qoo) ® k*)'"" is finite for all n > 0. Since 5^ (Qoo) is assumed to be 
A-cotorsion, it is easy to see that (i) is satisfied for all but finitely many values of t. The 
same is true for (ii) because A(Qoo) = H^iQoc,^) is obviously A-cotorsion too. 

Let n and t be fixed. We assume that t satisfies the above requirements (i) and (ii). For 
brevity, we let M = At, N = Ct, and K = Qn. We define a Selmer group Sm{K) by 

Sm{K) = ker [H\q^lK,M) -^ Pm{K)/Lm{K)). 

Here Pm{K) = Y[„ H^{Kr,, M), where rj runs over the primes of K lying over those in E, and 
Lm{K) = n^ Lr, with L^ = if 7/ 1 p and L^ = ker {H\Kr„ M) -^ H^{Kr„ M/Nj) for the 
unique prime rj oi K over p. It is easy to verify that the image of Sm{K) under the restriction 
map if^(Q„,M) -^ H'^{Q^,M) is contained in ^^.(Qoo)^". We can identify S'a,(Qoo) with 
Sa{Qoo) ® /«* as A-modules, and so (i) implies that SAtiQoo)^" is finite. The kernel of 
the restriction map is if^(r„, iW^o-). This has the same C-corank as i7°(r„, M'^«~) = 
(A(Qoo) ® «:*)'"", and so the kernel of the restriction map is finite by (ii). Thus Sm{K) will 
be finite. 

Now we will use the global duality theorems of Poitou and Tate. Let U = Hom (M, /ip^), 
which is a Gal (Qs/Q)-module isomorphic to C^ as an C-module. liPu{K) = H^ H^K^,, U), 
then local duality gives a perfect pairing 

Pm{K) X Pu{K) -^ Qp/Zp. (13) 

We let Lu{K) denote the orthogonal complement of Lm{K) under the pairing (13). Then 
Lu{K) = Yln-^ri' '^here L;|- is the orthogonal complement of L^ under the local duality 
theorem for K^. Note that ii rj \ p, then L:^ = H^(K^,U). Furthermore, let Gm{K) and 
Gu{K) denote the images of the maps 

a : H'{(h/K, M) -^ Pm{K) and /? : H'{(h/K, U) -^ Pu{K) 

respectively. Since Sm{K) = a~^{LM{K)) is finite, it follows that Gm{K) nLM{K) is finite. 
Also, the global duality theorems assert that Gm{K) and Gu{K) are orthogonal complements 
under (13). Thus the cokernel of the map 

HHQ^/K, M) -^ Pm{K)/Lm{K) (14) 
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is Pm{K) / Gm{K)Lm{K) and this group is the Pontryagin dual of Gu{K) n Lu(K). 
The Euler characteristic for the Gal (Qj:/i^)-module M is 

2 

J2i-'^ycovanko{HH(h/K,M)) = -d-f" 

since K = Q„ is totally real and [Q„ : Q] = p". Hence the C-corank of H^{(^t,/K,M) is 
at least c?~p". On the other hand, if we exclude finitely many more values of t, then we 
can easily arrange for Pm{K)/Lm{K) to have C-corank equal to corank0(M/A^)p" = d~p^. 
This is accomplished by making H°{Krj,M), H'^{Krj,M) finite for all t]\1, I & T,, I ^ p and 
H°{Kn, M/N), H'^{Krj, M/N) finite for the unique prime r] lying over p. Such a choice of t 
is possible since h\gq has infinite order for each l in the finite set S. Since Sm{K) is finite, 
it now follows that the C-corank of H^ (Qs / K, M) is exactly d^p^ and that the cokernel of 
the map (14) is finite. Thus Gu{K) fl Lu{K) is a finite subgroup of Pu{K). It also follows 
that H'^{Qy,/K, M) is finite (and even if p is odd, since M is C-divisible). 

Let Su{K) = p-\Lu{K)). Let Rlj{K) = ker(/5). By Poitou-Tate duality, Rlj{K) 
is the Pontryagin dual of Rm{K) = ker{H'^{Qj:/K,M) -^ U^H'^{K^,M)). But this last 
group is clearly finite and so Rlj{K) is also finite (even if p is odd). Since l3{Su{K)) = 
Gu{K) n Lu{K) is finite, it follows that Su{K) is a finite subgroup of if^(Qs/i^, U). That 
is, Su{K) C H^{Qs/K,U)tor^. We will show that 

#H'{%:/K,U),or. < #i/°(Qoo,^*), 

a bound independent of n. It will then follow that ^{Gu{K)nLu{K)) is bounded as n ^ oo, 
and hence so is the cokernel of the map (14). 

Let V* = Hom(yp,Qp(l)) and T* = Hom (Tp, Zp(l)). Then one easily sees that A* = 
V* /T* and that U = T* ® k~*. Put M* = A* ® k~*. Thus we have an exact sequence 

^ [/ ^ y/ ® «:"* ^ M* ^ 0. 

Our hypothesis concerning A* implies that i7°(Qoo, ^*) is finite and if°(Qoo, ly ® «:"*) = 0. 
It follows that H^{Qj^/K, [/)tors — H^{K, M*), whose order is clearly bounded by the order 
ofH^Q^.A*). 

Thus, we have proved that for a suitable choice of t (excluding just finitely many values 
of t), the cokernel of the map 

7;,, : i/l(Qs/Qn, A) ^ PAMn)/LMi.^n) 

is finite and of bounded order as n ^ 00. By taking the direct limit as n ^ 00, it follows 
that the cokernel of the limit map 7^ is finite. But since At = ^ as a Gal (Qj:/Qoo)-inodule 
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and Ct = C, it follows that the map 

j':H'{(h/Qoo,A)^{H'{{Q^),,^,A/C)x [] ?/,(Qoo)) 

has finite cokernel. In fact, the kernel of 7' is the strict Selmer group >S'^'^(Qoo)- It is clear 
that the cokernel of 7 is a homomorphic image of the cokernel of 7'. Hence the cokernel of 
7 is finite, and, as remarked earlier, 7 must be surjective. ■ 



Remark (2.2) It will be useful later to point out one other consequence of the above proof. 
We make the same requirements on the choice of t. In particular, we have that H^{Krj, M), 
H'^{K^, M) are both finite for all ri\l, I E "E, I ^ p. Then H^(K^, M) is finite too. Assuming 
that E — {p, 00} is nonempty, choose one such prime Iq. Suppose that in defining Sm{K) 
we take L^ = H^{K^, M) for all r^l^o (instead of taking L^ = 0). Then L^ = 0. Assume 
that t is also chosen so that H^{Krj, M*) is finite. (This of course implies that H^{K, M*) 
is finite.) With these changes, it then turns out that Su{K) = and hence the map (14) is 
now surjective. This becomes clear from the following commutative diagram: 

H'{K, M*) ^ H'{Qe/K, U),ors 



H'{K„ M*) —^ H\K„ C/)tors 

Here r] is any prime of K dividing Iq. The horizontal isomorphisms are coboundary maps. 
The first vertical map is clearly injective, and therefore so is the second. This shows that 
Su{K) C H^{QY,/K,U)tors must indeed be zero. 

Let So be any finite set of primes of Q which does not contain p or 00. Choose the set 
E large enough so that Sq C S. The non-primitive Selmer group for A and Sq is defined by 

fes-So 

Obviously, ^^(Qoo) C <S'^°(Qoo)- Proposition (2.1), together with the fact that 'Hi{Qoo) is 
A-cotorsion for £ ^ p, immediately gives the following result: 

Corollary (2.3) With assumptions as in (2.1), we have 

.5^°(Qoo)/5a(Qoo) = n ^^(<^-) 
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as A-modules. Furthermore, 'S'^°(Qoo) is A-cotorsion and 

coranko{S^°{<Qoc)) = coranko{SA{Qoc)) + Yl coranko{nt{<Qoc))- 

teSo 

The jjL-invariants of S^°{Qoc)^ and Sa{Qoc)"" o,f^ equal. 

The structure of 7^f(Qoo) can be studied using Proposition 2 of [Gre89]. Since we will 
be primarily interested in its C-corank, we discuss that first. Let Si denote the number of 
primes r] of Qoo lying over L That is, s^ = [F : F^], where F^ denotes the decomposition 
subgroup of F for any such r/. If 7^ denotes the corresponding Frobenius automorphism 
in F, then F^ is generated topologically by 7^. One can determine s^ quite easily. For 
an odd prime p, si is the largest power of p such that (P'^ = 1 (mod pse). Now let di = 
dimFp{H°{{Qoo)r„ V*), where V* = Hom {Vp, Qp(l)) as before. Proposition 2 of [Gre89] easily 
implies that corank0('Hf(Qoo)) = sidi. 

The value of di is also not hard to determine. Let Frob^ denote the Frobenius automor- 
phism in Gal (Q^^'^/Q^). (Thus, 7^ is the restriction of Frob^ to (Qoo)?;-) Let cti, a2, . . . , cte^ 
denote the eigenvalues of Frob^ (counting multiplicities) acting on (V^)/^. Here Ii is the 
inertia subgroup Gal (Q^/Q"™) of Gq^, (V^)/^ denotes the maximal quotient of Vp on which 
It acts trivially, and e^ = di'mp^((Vp)i^). Since (Qoo)?; C Q™'' and Ii acts trivially on Qj3(l), 
we have 

H'moo),,V;) ^ H\h,V;) = }iomp^{{Vp)i,,Qp{l)). 

The eigenvalues of Frob^ acting on this last vector space are £a^^, . . . ,£oQ^ . Noting that 
the action of Gal (Q"°'^/(Qoo)?;) niust be through a finite group of order prime to p, one sees 
easily that di is the number of z's such that l(\^ is a principal unit in Fp{oLi). These values 
oi loL^^ are precisely the eigenvalues of 7^ acting on if°((Qoo),,, V^*), counting multiplicities. 
Alternatively, we can describe di in terms of the element 
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^, = n(i-«.^"S)eC)[[F,]]. (15) 

Identifying C[[F^]] with the power series ring (!)[[rf]], where T^ = 7^ — 1, we can then factor 
S^i = ^i{Ti) as a product of a power of tt (a uniformizing parameter for C), an invertible 
power series, and a distinguished polynomial. The power of the uniformizing parameter is 
1. (That is, the //-invariant is 0.) The degree of the distinguished polynomial is di. If we 
view ^i as an element of C[[F]] = C[[r]], with T = 7 — 1 for a fixed topological generator 
of F, then ^i will still have /i-invariant and its distinguished polynomial factor, which we 
denote by hi{T), will have degree sidi. Thus the C-corank oi 'Ht{Qoo) is deg{hi{T)). 
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The polynomial hi{T) generates the characteristic ideal of the A-module 'Ht{Qoo)^- To 
see this, it is enough to verify that ^i generates the characteristic ideal of the C[[r^]]- 
module if^((Qoo),;, ^)^, as ?^^(Qoo)^ is obtained by tensoring with A over CffF^]]. The 
inertia subgroup Ii of Gq^ contains a unique subgroup Ji such that It/Jt = Zp. Also, Ji has 
profinite order prime to p and Ii/Ji = Zp(l) for the natural action of Gal (Q^^'^/Q^). Let G = 
Gal(Q,^7(Qoo),) = G^Q^^Jh. Since H\Ji,A) = 0, we have H\{Q^\,A) = H\G,A'^). 
Also, A'^'^ = Aj^ canonically. If we let Ii = Ii/Ji, then G/Ii has profinite order prime to p 
and so H^{G,AjJ = H^{Ii,AjJ^^^'^. If we let e^ be a topological generator of Ii = Zp(l), 
then 

H^li, AjJ = H'(lt,AjJ{ei-l)AjJ ^Eom{Zt{l), AiJ ^ Ai^i-1), 

where the isomorphisms are equivariant for the action of Gal (Q^^/Q^). The eigenvalues 
of Frobf acting on Ai^{—1)^ are the numbers £a~^,l < i < ei, and those numbers which 
are principal units are the eigenvalues of 7^ acting on (A/^(— 1)*-^/^^)^, again using the fact 
that G/Ii has profinite order prime to p. These remarks imply that ^i does generate the 
characteristic ideal of H^ {{Qoo) r],A^)^ as an C[[rf]]-module. We have proved the following 
results: 

Proposition (2.4) Let Pi{X) = det((l - FrobfX)|(y^),J e 0[X]. Let ^t = Pt{i-^jt) e 
A = C[[r]], where 7^ denotes the Frobenius automorphism for £ in T = Gal(Qoo/Q). The 
characteristic ideal of the A-module UtiQao)"^ is generated by S^i. Its /^-invariant is zero. 
Its \-invariant is equal to s^d^. Here si is the largest power of p dividing {&^^ — l)/p and 
dt is the multiplicity of X = £~^ as a root of Pi{X) e k[X], where k is the residue field of 
O, and the ^ means reduction modulo m, where m = (tt) denotes the maximal ideal of O. 

Remark, ^i satisfies an interpolation property involving Euler factors evaluated at s = 1 
(if Vp arises from a compatible system of /-adic (or A-adic) representations of Gq). Namely, 
let p be any character of F. Then p{^i) = Pi{p{l)l~^), regarding p as a Dirichlet character. 
Now we will discuss the nonexistence of nonzero finite A-submodules in the Pontrjagin 
duals of Selmer groups. One finds results about this in [Gre99] for the case of Sel£;(Foo)p, 
where E is an elliptic curve defined over a number field F and F^o is the cyclotomic Zp- 
extension of F. (See Propositions 4.14 and 4.15 in [Gre99].) Here we will prove a much 
easier result, which will be sufficient for our purposes. Recall that D = A/C is an C-module 
on which Gq^ acts. We let Ram(A) denote the set of primes i. (^ p, 00) such that the action 
of Gn, on A is ramified. 
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Proposition (2.5) Let p be an odd prime. Assume that S'^(Qoo) is A-cotorsion and that 
D is unramified for the action of Gq^ . Suppose that Sq is a subset of T, — {p, 00} which 
contains Ram(A). Then ^^"(Qoo)^ has no nonzero, finite A-submodules. 

Proof ^^"(Qoo) doesn't depend on the choice of E, as long as Sq U {p, 00} is contained in 
S. In this proof, we may therefore take S = Sq U {p, 00}. Then, by definition, ^^"(Qoo) = 
ker(i/i(Qs/Qoo,^) ^^p(Qoo)). Since Sa{Qoo) is A-cotorsion, so is S^°{Q^). 
Both if^(Qs/Qoo,^) and 'Hp(Qoo) have A-corank equal to d'. We will show that ?^p(Qoo) 
is A-cofree. It is then clear that the map defining S'^°(Qoo) is surjective and so 

as A-modules. (This would usually follow from Proposition 2.1, even without knowing some- 
thing about 'Hp{Qoo)) Proposition 5 of [Gre89] asserts that H^{Qe/Qoo, ^)^ has no nonzero, 
finite A-submodules because we know that if^(Qs/Qoo5 ^) = 0. (We are assuming that p is 
odd.) The assertion about (S'^°(Qoo))^ is then a consequence of the following lemma (whose 
simple proof can be found on page 123 of [Gre89]: 

Lemma (2.6) Let Y be a finitely generated A-module, Z a free A-submodule. IfY contains 
no nonzero, finite A-submodule, then the same is true for Y/Z. 

We just apply this to F = i/i(Qs/Qoo, ^)^ Z = -Hp(Qoo)^ and Y/Z = 5^°(Qoo)^. 

It remains to show that ^^^(Qoo) is A-cofree when D is unramified. We first verify 
that H^{Qp,D) is C-cofree. The exact sequence -^ D[k] -^ D^D -^ induces 
an injective map H^{%,D)/t:H^{%,D) -^ H'^{%,D[k]). This last group is dual to 
i7°(Qj3, Hom(IP[7r], /ip)) which is obviously trivial since p is an odd prime. Thus H^{Qp,D) 
is a divisible C-module. Its Pontryagin dual is a torsion-free, finitely generated C-module 
and must therefore be free. Thus H^{Qp,D) is C-cofree. Its C-corank is equal to d~ + 
coranko(if°(Qp,D)) since D has C-corank d' and H'^{Qp,D) = 0. 

Now by the inflation-restriction exact sequence together with the fact that F has p- 
cohomological dimension 1, the restriction map H^{Qp,D) -^ H^((Qoo)r,p,L)y is surjective, 
where T is identifled with Gal {{Qoo)r,JQp)- The kernel of this map is if^(r, D^^'^^^^p), which 
is easily seen to have C-corank equal to that of if °(Qp, D). Thus H^((Qoo)r]p, D)^ is C-cofree 
and has C-corank d~ . By proposition 1 of [Gre89], we see that i7^((Qoo)?;p5 D) has A-corank 
d'. Hence X = H^{{Qoo)rip,D)'^ is a A-module of rank d' such that X/TX is A/TA-free of 
rank d^ . A simple use of Nakayama's lemma shows that X is a free A-module. 

It follows from the deflnition of ^^^(Qoo) that we have an isomorphism 

Upi^oo) = im{H\Q^),^,A) ^ H\L,^,D)) 
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as A-modules. Since G((Q^)^ has p-cohomological dimension equal to 1, we also have 
H'^{{Qoc)r]p, C) = 0. Hence the exact sequence O^C^A^D^O implies that the map 
H\{q^)^l,A) -^ H'{{Q^%^,D) is surjective. Also, kev {H'{{Q^%^, D) -^ H\I^^,D)) is 
isomorphic to H^{G(^q^)^JI,^^,D) because 7^^, acts trivially on D. Since G{^^)^^/Ij^^ is topo- 
logically cyclic, this kernel is a quotient of D and so is C-cofree. (It would be sufficient to 
assume just that D^'^p is C-cofree.) Thus ?^p(Qoo)^ is isomorphic to a A-submodule Y of 
X = i7^((Qoo)?;pi -D)^ such that X/Y is C-cofree. Since X is A-free, one sees that Y must 
be reflexive and hence also free as a A-module. Hence TipiQac) is indeed A-cofree. ■ 

Remark (2.7) In proposition 2.5, it is not necessary to assume that D is unramifled for 
the action of Gq^. In the above proof, only two properties of D were actually used. First, 
that Homcjj {D[7r], fip) = 0, which suffices to show that H^{Qp,D) is C-cofree and that 
H'^{Qp,D) = 0. Second, that D^^'p is C-cofree which is used at the end of the proof. 
This result covers virtually all the cases we are interested in. However, we will sketch 
another approach which gives the same conclusion with slightly different hypotheses. As- 
sume that A satisfles the hypotheses of proposition 2.1, that Sq is nonempty, and that 
H\G(Q^)^JIr,^,D^^p) = 0. (Note that the last hypothesis is valid if D^^p = 0.) Then, 
according to remark 2.2, the following map can be assumed to be surjective: 

H\Qs/Q,M) ^H\Qp,M/N) 

where M = A®«:* for a suitable t. (We are assuming that in addition to other requirements, 
t is also chosen so that H'^{Qp,N) = 0, so that the map if^(Qp,M) -^ H'^{Qp,M/N) is 
surjective. Here N = C ® k^ and such a choice is possible.) Using the inflation-restriction 
sequence and the fact that F has cohomological dimension 1, one sees that the map 

^"'(Qe/Qoo,M)^ ^ H\(q^)^^,MlNf 

is also surjective. Now 'S'^°(Qoo) — 'S'^°(Qoo) ® /«* as A-modules and the exact sequence 

^ sl\q^) ^ H'(Sh/q^,M) -^ H\{q^\^,MiN) -^ o 

together with the snake lemma imply that the map 5'^°(Qoo)r ^ -f^HQs/Qoo, Af)r is in- 
jective. Since i7 ^ (Qs /Qoo , -^) has no nonzero flnite A-submodule, it follows that, if t is 
again chosen suitably, if^(Qs/Qoo5 Af)r = 0. Therefore, S'^°(Qoo)r = and the conclusion 
in proposition 2.5 follows immediately. 

The next proposition allows one to determine the A-invariant of ^^"(Qoo) in terms of the 
Galois module A[k], under certain hypotheses. Recall that tt is a generator of the maximal 
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ideal of O. We define a Selmer group for A[k] in the following way. Consider the exact 
sequence -^ C[k] -^ A[k] — > D[k] ^ of Gq^ -modules. For any subset Eq of S — {p, oo}, 
let 

where for i. ^ p, we define ?^^(Qoo, ^[tt]) = ]^ .^ if^(/^, A[7r]) and, for £ = p, we define 
'Hp{Qoo , A[k]) = H^(I^^,D[7r]). With this definition, which is entirely analogous to the 
definition of ^'^"(Qoo), we can prove the following useful result. 

Proposition (2.8) Let p be an odd prime. Assume that Sq is a subset of H — {p, oo} 
containing Ram(A). Assume that I^^ acts trivially on D and that if°(Q, A[7r]) = 0. Then 

Consequently, ^^(Qoo) is A-cotorsion and has ji-invariant zero if and only «/ 'S'^fj (Qoo ) is 
finite. If this is so, then the X-invariant of S^°{Qoc) is equal to di'nio/m{S^?^i{Qoc)- 

Proof Since H°{Q,A['k]) = and T is a pro-p group, it follows that if°(Qoo,^) = 0. The 
natural map 

^'(Qs/Qoo,^N) ^ H'iQj,/Q^,A)[7r] 

induced from the exact sequence -^ A[k] -^ A ^ A ^ is therefore an isomorphism. We 
must compare the local conditions defining S^" (Qoo ) [tt] and 'S'^f'j(Qoo)- Suppose that a is 
a 1-cocycle of Gal(Qs/Qoo) with values in A[7r]. First consider the local condition at r/|£, 
where £ y^ p and £ e S-Eq. Then /^ acts trivially on A. The map if^(/^, A[7r]) -^ H^{In,A) 
is injective because H^{Ij^,A) = A is divisible. Thus, the local conditions at £ defining 
5^° (Qoo ) [tt] and 'S'^f'j(Qoo) are equivalent. Also, the map 

is injective because H^(I^^, D) = D is divisible. Hence the local conditions on a defining the 
two Selmer groups are equivalent, and this proves the equality. 

Now Sa{Qoo) and ^^"(Qoo) have the same A-corank and the same yu-invariant if they 
are A-cotorsion. Obviously, S'^°(Qoo) is A-cotorsion and has yu-invariant if and only if 
5^° (Qoo ) [tt] is finite, which in turn is equivalent to the finiteness of 'S'^f'j(Qoo)- Assuming 
this is so, ^^"(Qoo)^ would be a finitely generated C-module. By Proposition (2.5) its O- 
torsion submodule is 0, and so ^^"(Qoo) is C-divisible. That is, ^^"(Qoo) - (Fp/O)^, where 
A = coranko(S'^°(Qoo)) > 0. It is clear that A = dimo/„(S'^°(Qoo)) = dimo/mS^°^j{Qoc), as 
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Remark (2.9) The hypothesis that I^j^ acts trivially on D is adequate for the theorems 
stated in the introduction. But all that is needed in the proof is that H^(I^^, D) is divisible. 
Thus, if D^^'p = 0, the conclusion is still true. 

At this point we can justify most of the steps in the proof of theorem (1.4) outlined in 
the introduction. If E' is a modular elliptic curve defined over Q, we take Tp = Tp{E), the 
Tate module for E, and Vp = Tp(E) ®ZpQp, a 2-dimensional Qp -representation space for Gq. 
Then A = Vp/Tp is isomorphic to E'fp'^] as a G^-module. The ring O is Zp, and d~^ = d~ = I. 
Assume that E has good ordinary reduction at p. Then viewing A as a Gq^ -module, we 
define C = ker {E[p°°] -^ E[p°°]), where E is the reduction of E modulo p. Then D = E[p°°] 
is unramified as a Gq^ -module and is isomorphic to Qp/lip as a Z^-module. By the Weil 
pairing, one sees that the inertia group Ip acts on C by the p-cyclotomic character x- That is, 
C = //poo as an /^-module. Note that the action of Gq^ on A depends on fixing an embedding 
of the field Q{E[p°°]) into Q^. The subgroup C oi A depends on the corresponding choice of 
a prime of Q{E[p°°]) lying above p. Having fixed such a prime, the subgroup C is determined 
by the action of Ip. Also, since we are assuming that p is odd, the subgroup C[p] of A[p] 
is determined by the action of Ip : C[p] = Hp and D[p] is the maximal quotient of A[p] on 
which Ip acts trivially. 

In [Gre99], one can find a proof that im (k^^,) = L^^. This result, together with the fact 
that im («:^) = for all primes t] of Qoo not lying over p, implies that SelB(Qoo)p = 54(000). 
The nonprimitive Selmer groups Sel^°(Qoo)p and 5^° (Qoo) also coincide, and therefore we 
can study the algebraic Iwasawa invariants associated to E by using the results of this section. 
It will be useful to point out that, for an odd prime p, the group 5'^[j3](Qoo) is determined 
just by the isomorphism class of A[p] as a G^-module. This follows from the remark at the 
end of the previous paragraph. 

By Kato's theorem, S'a(Qoo) is A-cotorsion. Also, H°{Q^,A*) is finite since A* = E[p°°] 
by the Weil pairing and £'(Qoo)tors is known to be finite. (If we assume that E[p] is an 
irreducible Gjj-module, then it's easy to see that H'^ {Qoo , E[p°°]) = 0.) Corollary (2.3) then 
implies the important relationships (6) and (7). By proposition (2.4), ^i{T) is a generator 
of the characteristic ideal oi 'Ht{Qoo) ■ Relationships (8) and (9) follow from this. Thus the 
equivalences given in theorem (1.5) have been established. 

Suppose now that Ei and E2 are elliptic curves satisfying the hypotheses in theorem 
(1.4). Let E be a finite set of primes containing p, 00, and all primes where either Ei or E2 
has bad reduction. Let Eq = S — {p, 00}. For i = 1,2, we define Ai = Ei[p°°]. Then, by the 
above remarks and by proposition (2.8), we have 

Selg(Qoo)b] = 5j(Qoo)b] = 5j[^](Qoo). 
Furthermore, the order of this group is independent of i since Ai[p] = A2M as Gjj-modules. 
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As a consequence, we see that if /i^^ = 0, then //^^ = and A^^ j, = X^^^^. . 

Remark (2.10) The arguments apply with virtually no change if the Galois modules Ei[p°°], 
E2[p°°] are replaced by similar Galois modules associated to weight 2 eigenforms whose levels 
are not divisible by p^ and which are ordinary at p (i.e., ttp is a unit). Let /i, /2 be two such 
eigenforms. Fixing an embedding Q -^ Q^, the Galois module Ai corresponding to fi is an 
Cj-module, cofree of corank 2, where Oi is the closure of the integers in the field generated 
over Q by the coefficients of /j. (Note that Ai is defined as Vp{fi)/Tp{fi), where Vp{fi) is 
the 2-dimensional Fp-representation associated to fi. Here Fp is the completion of F at the 
prime induced by the above embedding and Tp(fi) is a Gdj-invariant Cj-lattice in Vp{fi).) 
Let TTj denote a uniformizing parameter in Oi. Then it is enough to assume that ^ifyri] 
and A2[7r2] are irreducible and become isomorphic as G(Q-modules after extending scalars to 
a finite field k containing both Ci/(7ri) and 02/{'n'2)- In particular, we can twist the Tate 
modules for Ei and E2 satisfying the hypotheses we made above by any Dirichlet character 
X whose conductor is not divisible by p"^ so that Ei[p°°] ® x is either unramified or tamely 
ramified at p. In some cases, remarks 2.7 and 2.9 are needed to give the desired conclusions. 

The above discussion shows that Up is an odd prime, Ei[p] = E2[p] as (jQ-modules, and 
/^ef — 0' then one can compute A^^ if one knows A^^. To illustrate this, we consider the 
example mentioned in the introduction. The elliptic curves Ei and E2 have conductors 52 
and 364, respectively. We takep = 5. One can show that SelBj(Qoo)5 = 0. (Several examples 
discussed in chapter 5 of [Gre99] are completely analogous. The crucial ingredients are that 
Sel£;i(Q)5 = 0, that 5 is not an anomalous prime for Ei (i.e., that a5{Ei) ^ 1 (mod 5)), 
and that the Tamagawa factors for Ei corresponding to 2 and 13 are not divisible by 5.) 
It follows that //g = Ag = 0. One can also show that //^^^ = A^^^ = 0. (The crucial 
ingredients for this are that ^{E/Q,T) is in A, which is known since Ei[b] is irreducible, 
and that the interpolation property shows that ^{E/Q,0) e Z^. Hence ^{E/Q,T) e A^.) 

Let E = {5,00,2,7,13}, Eo = {2,7,13}. We need just determine a^ for i = 2,7,13, 
i = 1,2. For £ = 2, both Ei and E2 have additive reduction and so the corresponding 
Euler factor in L{Ei/Q,s) is 1. Thus a^^^ = a^^] = 0. For £ = 13, both Ei and E2 have 
nonsplit, multiplicative reduction. The corresponding Euler factors are both 1 + 13^*, whose 
value at s = 1 is a 5-adic unit. Thus, ^13(0) e Z^ and so ^n{T) e A^. We have 

(T^^ = (T^^ = 0. However, for £ = 7, Ei has good reduction and E2 has multiplicative 
reduction. The corresponding Euler factors are 1 + 2X + 7X^ and 1 — X, where X = 7~*. 
At s = 1, the value of the Euler factor for E2 is in Z^ and so aj = 0. But 1 + 2X + 7^^ = 
(1 - X){1 - 2X) (mod 5) and X = 7"^ has multiplicity 1 as a root. Also 5^11 (7"^ - 1) and 
so S7 = 5, in the notation of proposition 2.4. That is, 7 splits completely in Qi/Q, and the 
primes of Qi above 7 remain inert in Qoo/Qi- It follows that a^ = 5. Therefore, we find 
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that A^^ = X^^j. = -^^f E — '^Ei + 5 = 5, as stated in the introduction. 

Now assume that E is an elliptic curve/Q such that E[p] is reducible as a Gdj-module. 
Assume also that E has good ordinary reduction at p and that p is odd. Then there is an 
exact sequence of Gjj-modules 

^ $ ^ E[p] ^ * ^ 

where both $ and \l/ are cyclic of order p. Gq acts on $ by a character ip : Gq -^ (Z/pZ)^, 
and on \l/ by a character ip. We can view both (p and ip as having values in Z^. Then (pip = u, 
the Teichmiiller character of Gq. One of the characters (^ or i/^ is even, one odd. One of 
these characters is ramified at p, the other unramified. We will assume that the ramified 
character is even, and so the unramified character is odd. A result of Schneider then implies 
that the /i-invariant for Sel£;(Qoo)p is unchanged by a p-isogeny. The A-invariant is always 
unchanged by an isogeny. Thus, we may assume for our purpose that (p is ramified and 
even, tp is unramified and odd. It follows immediately that H^{Q,E[p]) = 0. Therefore by 
proposition 2.8 and the fact that Sel^°(Qoo)p and 5^? ooi (Qoo ) coincide, we have 



where S is as before and Sq = S — {p, oo}. Now H^{Qoo, ^) = 0. Later we will show that 
i7^(Qs/Qoo, $) = 0. Therefore, we have an exact sequence 

O^H'{%:/Qoo,^)^H'{%:/Q^,E[p])Ah'{%:/Qoo,^)^0. 

Now Sf^^iQ^) = kev{H\Qj:/Q^,E[p]) -^ H^I^,^)). Hence im (e) C ^^{^^(Qoo) = 
S-^"^), where "^ = ker (//^(Qs/Qoo, *)) ^ H^Ip,"^). Therefore, we have 

dimz/pz(5^{;](Qoo)) = dimz/pz(^'(QE/Qoo,$)) +dimz/pz('^). 

Next we will relate the two dimensions on the right to classical Iwasawa theory. 

For this purpose, we consider Selmer groups for one-dimensional representations. As- 
sume that dim(V^) = 1. Then Gal(Qs/Q) acts on V^ by a continuous homomorphism 
: Gal(Qs/Q) -^ C. Clearly, 9 factors through G = Gal(Koo/Q), where K^ is some 
finite extension of Qoo, and G is abelian. Consider the restriction map 

where A = Gal (Koo/Qoo)- The kernel and cokernel are finite; they are trivial if p | |A|. We 
will assume that p | |A|, which will be sufficient for our purpose. Since Gal (Qs/Koo) acts 
trivially on A, we have 

H\Q^/K^,A) = liom{Xl,A) 
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where X^ = Gal (M^/Koo), and M^ denotes the maximal abelian, pro-p extension of Kqo 
unramified outside E. We can identify F with a subgroup of G so that G = A x T. This 
decomposition is canonical since we are assuming that p\ |A|. We have Zp[[G]] = Zp[[r]][A]. 
Let Moo denote the maximal abelian pro-p extension of K^o unramified outside {p, 00} . Let 
Loo denote the maximal abelian pro-p extension of K^o which is unramified everywhere. 
Depending on the parity of 9, we can describe the Selmer group S'^(Qoo) in terms of either 
Xoo = Gal (M^/K^) or Y^ = Gal (L^/K^). 

Assume first that 9 is even. Let ^ = ^|a, which is an even character of A. We have 
c?"*" = 1 and so we must take Wp = Vp. Therefore, TipiQac, ^) = and it follows that 

Sa{Qoo) = HomA(Xoo, A) = Homo((Xoo ®z, O)^, A). 

Now Koo is the cyclotomic Z^-extension oi K = K^^ and A = Gal (i^/Q) is abelian. 
The Ferrero- Washington theorem implies that the torsion A-module (Xqo ®Zp C*)^ has fi- 
invariant equal to zero. We denote its C-rank by A^. Then, Ag = coranke)(S'^(Qoo)). Note 
that the C-corank of Sa{Qoc) depends only on ^ = 9\/^, although its structure as a A- 
module does depend on 9 itself. Let Eq = S — {p, 00}. Let A^^sg = corankc)(S'^°(Qoo)). 
Assuming that ^ is nontrivial (so that H^{Q,A[k]) = 0), proposition (2.6) implies that 
-Ag.Eo = dimo/7ro(5'^°^](Qoo))- Also, noting that the action of Gq on V* = Eom{Vp,Op{l)) 
is odd, it follows that if°(Qoo,^*) = 0. Then corollary (2.3) allows us to compute A^^sg in 
terms of A^. 

Assume now that 9 is odd. Then ^ is an odd character of A. We have c?"*" = and 
so we must take Wp = 0. That is, the local condition at 77^ occurring in the definition of 
5'yi(Qoo) is that a cocycle class be unramified. Thus 5^1(000) = -ffuiir(Qs/Qoo5 ^)i the group 
of everywhere unramified cocycle classes. It follows that 

Sa{Qoo) = HomA(Foo, A) = Hom((Foo ®z, 0)^,A). 

Again, the Ferrero- Washington theorem implies that the A-torsion module (Yqo ®Zp O)^ has 
//-invariant zero. We let Ag denote its C-rank, and so ^^(Qoo) has C-corank equal to Ag. 
As we remarked above, this clearly depends only on ^ = 9\^. Assume that ^ ^ u. Then 
-f^°(Qoo5 ^*) = and so we can apply corollary (2.3) to determine A^^s^ = corank0(S'^°(Qoo)) 
in terms of A^. Since ^ is odd, we have H^{Q, A[7r]) = and therefore proposition (2.8) implies 
that A^,So = dimo/^o{S^„^{0^)). 

We can apply these observations to 9 = cp and 9 = tp, regarding $ or \l/ as A[p] where 
A = Qp/Zp is a group and Gq acts by either cp or tp. Now cp is even, but it is ramified and 
hence nontrivial. Also, tp is odd but since tp = uJip^^, we have tp ^ u. Hence we obtain the 
result that /i^^ = fi^\ = and that 

-^B.Eo = K,^o + ^^,So (16) 

29 



which shows that A^\. can be easily calculated in terms of the classical Iwasawa invariant 
A(p = A^. We must just explain why i7^(Qs/Qoo, "^) = 0. This is in fact equivalent to the van- 
ishing of the jU-invariant for the A-module X^. We take 9 = cp. Suppose that A = Qp/Zp and 
that Gq acts on A by cp. Since X^ is A-torsion (because ip is even), it follows that Sa{Qoc) 
and ^^"(Qoo) = -ff^(Qs/Qoo5 A) are A-cotorsion. Their //-invariants are zero, by the Ferrero- 
Washington theorem. By proposition (2.5), ^^"(Qoo) has no nonzero, finite A-submodules, 
which then implies that it is a divisible group. That is, H^{Qt,/Qoo,^) is divisible. Also, 
i7^(Qs/Qoo, ^) must be A-cotorsion (using the first result about coranks recalled at the 
beginning of this section). By proposition 4 of [Gre99], it follows that i7^(Qs/Qoo5 ^) = 0. 
Then the exact sequence O^^^A^A^O induces an isomorphism 

^' (Qe :/QoO , ^) /P^' (Qe :/QoO , ^) ^ ^' (Qe :/QoO , $) . 

The vanishing of i?^(Qs/Qoo5 "^) follows from this. 

In the above discussion we may assume that K^o contains Hp, and hence yUpco. (It is 
not necessary for ^ to be a faithful character of Ga\{Koo/K).) Now complex conjugation 
(in Gal (Koo/Q)) acts on both X^o and Yoo, and one can then define X^, Y^ as the (±1)- 
eigenspaces for complex conjugation. A theorem of Iwasawa then implies that Y^ is pseudo- 
isomorphic to Hom(X+ , Zp(l)) as a module for Zp[[G]] = A[A], where Zp(l) just denotes Zp 
together with an action of G by the p-cyclotomic character x- (Stated this way, the result 
also depends on the vanishing of /j, for X+ and Y^.) It follows that, if ^ is an even character 
of A, then (Xoo ®Zp O)^ has the same C-rank as (Fqo ®Zp Oy^ , and therefore Ag = A^^^-i. 
In particular, A^ = A^. The easiest way to compute A^ is to use the theorem of Mazur and 
Wiles which implies that A<^ is just the A-invariant of the Kubota-Leopoldt p-adic L-function 
Lp{ip,s). Extensive calculations have been carried out by T. Fukuda when ip is imaginary 
quadratic and p = 3, 5, or 7. 

For a character 9: Gal (Qe/Q) ^ Z^, let Aq denote the group Qp/Zp on which Gal (Qs/Q) 
acts by 9. Recall that for any prime I ^ p, si denotes the number of primes rj of Qoo lying 
above /, or equivalently the p-adic valuation of {F~^ — I) /p. Define ti{E) as the integer 

corankz,(i/'((Qoo)^, A^)) + covank^^{H\{Q^\, A^)) - covank^^{H\{Q^\, E[p°°])) 

where rj is any prime of Qoo lying over /. As a consequence of corollary (2.3) applied to 
E[p°°], A^ and A^, together with (16), we see that 

\E = 'i^i, + ^Siti{E). 

One way to calculate the above Z^-coranks is to use proposition 2 of [Gre89]. If A is a Gq^- 
module (where I ^ p) which is isomorphic to (Qp/Z^)'^ as a group, let Ta denote its Tate 
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module. Define A* = Hom(r4, /i^oo), which is also a Gjj, -module isomorphic to (Qp/Zp)'^. 
Then the above cited proposition implies that H^{{Qoo)r],^) has the same Z^-corank as 
H'^{{Qoo)r),A*), which is denoted more briefiy by A*{{Qoo)r)) in [Gre89]. The Weil pairing 
implies that E[p°°]* = E[p°°] as Gjj, -modules. Also, since cptp = co and x|a = co, where x 
is the p-cyclotomic character as before, it is clear that A^ = A^ and Al = A^p as G((Q^)^- 
modules. Thus 

ti{E) = corank2;p(A<^((Qoo)„)) + corank:i,^{A^{{Q^)^)) - corank2;p(E((Qoo)^Vtors)- 

We can now discuss the example mentioned in the introduction where J is one of the 
curves of conductor 11, E is the quadratic twist J^c, and p = 5. The character ip is the 
quadratic character corresponding to F = Q{^/—c). Let S consist of oo, 5, 11, and all the 
ramified primes for F/Q. Let Eq = S — {oo, 5}. Assume first that / is ramified in F/Q. Then 
both ip = coip^^ and ip are nontrivial characters of Gq^ with orders not divisible by p. Their 
restrictions to G(q<^)^ are also nontrivial and so A^{{Q^)n), A^{{Q^)n), and £^((Qoo)»;Vtors 
are all trivial. Hence ti{E) = for those Vs. This also applies to / = 11 if "^Ig^ is nontrivial, 
i.e., if 11 is ramified or inert in F/Q. (Note that then (p\gq is also nontrivial since co\gq 
is trivial.) But if 11 splits in F/Q, then both (p\gq and tpcq are trivial characters. Hence 
A^p{{Qoc)r]) and A^((Qoo)?;) both have Zp-corank 1. Now E = J over Qn and has split, 
multiplicative reduction. Since jip C Qn, we have (Qoo)?; = Qii(a'j3~) where r\ is the unique 
prime of Qoo lying above 11. (Note that Sn = 1.) We have corankaj^(£'((Qoo),,)j3-tors) = 1- 
Thus tii{E) = 1 if 11 splits in F/Q. These remarks imply that A^^ = 2A^ + e^ as stated in 
the introduction. 

3 Congruences for p-adic L-functions. 

In this section we prove the congruences for p-adic L-functions described in the intro- 
duction. The technical tools for this were developed in [Vat97], where certain canonical 
periods, well suited to the study of congruences, were attached to a cuspform /. We want 
to specialize this to the case where / has rational Fourier coefficients and corresponds to a 
modular elliptic curve. Our main task in this section is therefore to compare the canonical 
periods of / to the Neron periods of the associated elliptic curve. 

At the end of this section we give a brief discussion of our results as they apply to modular 
forms whose Fourier coefficients are not necessarily rational numbers (so the associated 
abelian varieties need not be elliptic curves) . While much of the theory goes through without 
change, there are some serious complications. In the first place, we want to apply the 
congruence techniques of [Vat97] , and to do this we need to assume that the maximal ideals 
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arising in the Hecke ring satisfy a certain technical condition (we assume that they are p- 
distinguished; see below for the precise definition). Secondly, we would like to compare the 
periods of the modular forms with those of the associated abelian varieties, and this can 
only be achieved under a certain semistability assumption. Neither of these assumptions 
need be true in general for forms on ri{N) ii p\N. Both assumptions will be true, however, 
if {N,p) = 1, or if / corresponds to an elliptic curve. For simplicity of exposition, we have 
chosen to concentrate on the elliptic curve case in this section. We have included statements 
of the general results, and the interested reader should have no difficulty filling in the details. 

Canonical periods 

We begin by recalling the construction of [Vat97]. Let E he a modular elliptic curve of 
conductor N, and let p be a fixed odd prime. We assume that E has either good ordinary 
or multiplicative reduction at p, corresponding to the two cases (A^, p) = 1 and {p, N/p) = 1 
respectively. We will write f = f{z) for the newform of level N corresponding to E. Then 
/ has rational Fourier coefficients. Let F denote the group Fi(A^); we may assume that 
A^ > 4, so that F is torsion- free. Let S2{T,Zp) denote the space of cuspforms of weight 
2 on F with coefficients in Z^, and write H^^^(r,Zp) for the parabolic cohomology group 
of Eichler-Shimura. There is a natural action of complex conjugation on this cohomology 
group, and we denote the (±l)-eigenspaces by a superscript. Let m denote the maximal ideal 
above p cut out by / in the Hecke ring T generated by the usual operators Tq,U£,< q > 
over Z. Let T^ denote the completion of T at m. Then T^ is a finite fiat Z^-algebra. The 
Hecke operators act on this cohomology group, and on the space of cuspforms with integral 
coefficients. 

There is a semisimple representation p^ '■ Gq -^ GL2{T/m) = GL2{Wp) characterized 
by Tr(Frob(q')) = Tg for {q,Np) = 1; this representation p^ is the semisimplification of 
the representation of Gq on E[p]. If E[p] is irreducible, then p^ is equivalent to the Gq- 
representation on E[p]. If E[p] is reducible, then the Weil pairing implies that there exists 
a character ip : Gal (Q/Q) -^ F^ such that the Jordan-Holder factors of E[p] are given by ip 
and cotp~^. Here co : Gal (Q/Q) -^ F^ denotes the Teichmiiller character. If we let ip = cotp~^, 
then the semi-simple representation p^ is given explicitly as 

Pm = <^ ® ^- (17) 

We may assume that tp is unramified at p. Then we choose a sign a = ± as follows: 

1. If E[p] is irreducible, then a is arbitrary. 

2. If E[p] is reducible, then a is determined by ±1 = —ip(—l). 
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A choice of sign satisfying one of these conditions is said to be admissible (for E and p). 
Now let / = ^ a„g" denote the newform associated to E. Let M be any integer divisible by 
N, and let g = ^ h^q^ denote any modular form of level M that is an eigenform for the full 
Hecke algebra Ti{M) for Ti{M), and which satisfies a„ = 6„ whenever {n,M) = 1. If a is 
admissible, it follows from work of Mazur, Ribet, Wiles, and others (see [Vat97], Theorems 
1.3 and 2.7) that there is an isomorphism of Ti(M)^-modules 

r : S^{T,{M),Z,)^ - HlJT,{M),Z,)l. (18) 

Here m denotes the maximal ideal of Ti(M) induced by the homomorphism tt^ : Ti(M) -^ O, 
and Ti(M)m denotes the completion. Thus, if a is admissible, we may define canonical 
cocycles S^ = 9'^{g) e H^^j.{ri{M),Zp). Now consider the differential form g{z)dz on the 
upper-half-plane. Then we define a cocycle cOg e Hp^j.{ri{M),C) by the usual Eichler- 
Shimura construction: if 7 e ri(M), then 

^9(7) = / g{z)dz. 

J Zo 

We may decompose Ug into plus and minus parts u^ according to the action of complex 
conjugation. Note that each of the cocycles S^ and u^ is an eigenvector for the action of the 
full Hecke algebra, since the form g is so. In each case, the eigenvalue for Tg is a^, when q 
is prime to M, and the eigenvalue for Uq coincides with the eigenvalue of Uq on g. Thus we 
find that there exist complex periods ff^ such that 

^9^9 = <■ (19) 

The numbers fi^ are the so-called "canonical periods" for g (when they exist). 

Now we return to the elliptic curve E. For each admissible sign ct, we let Cq, denote a 
generator of the Z-module Hi(E,Z)" = Z. Let uje denote a Neron differential on E; then 
we define a Neron period for E by 

^E= f ^E. (20) 

J Ca 

We want to relate this Neron period on E to the canonical period of / by studying 
the geometry of a modular parametrization Xi{N) -^ E. To do this we need to specify a 
model of Xi(A^) over Q. For the present purpose, it is convenient to use the conventions of 
[DI95], Variant 9.3.6 (see also [Ste89], p. 80). Thus, Xi{N)q denotes the scheme classifying 
generalized elliptic curves A together with an embedding of group schemes fi^ ^^ A. With 
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this convention, the cusp infinity is rational over Q. Given a Q-isogeny class A of elliptic 
curves, we call E E A optimal if there exists a modular parametrization 

7r:X,{N)Q^E 

such that the following equivalent conditions are met: 

1. The induced map on homology Hi(Xi(N),Z) -^ Hi(E,Z) is surjective. 

2. The induced map Ji{N) -^ E has connected kernel, so that there is an exact sequence 
of abelian varieties over Q: 

0^aAJi{N)^E^O. (21) 

3. There exists an embedding E ^^ Ji{N). 

4. If E' e A, then any morphism Xi{N) -^ E' factors as Xi{N) ^ E ^ E' . 

In this case, the map tt is said to be an optimal parametrization. Thus the optimal curve E is 
an analogue for Xi(A^)-parametrizations of the strong Weil curve arising from parametriza- 
tions by Xq{N). Note, however, that the strong Weil curve and the optimal curve are not 
in general equal. The optimal curves were introduced and studied by Stevens [Ste89]. Then 
we have the following proposition: 

Proposition (3.1) Assume tfiat E is optimal in its isogeny class, and that p is a prime of 
either good ordinary or multiplicative reduction for E. Then the numbers W^ and (— 27ri)fij 
are equal up to a factor which is a p-adic unit. 

The next several paragraphs are devoted to a proof of this assertion. The main ingredient 
is a study of the "Manin constant" associated to the optimal parametrization Xi(N) -^ E, 
especially when p is a prime of multiplicative reduction for E. Let coe denote a Neron 
differential on the Neron model Ez- Then 7r*{ujE) = cif{q)dq/q, for a newform / on ri(A^), 
q = e^'^*^, and a quantity ci = ci(7r) G Z (see [Ste89], Theorem 1.6). We want to prove 
that Ci is a p-adic unit, for all odd primes p of either good or multiplicative reduction. The 
analogous result for optimal parametrizations by Xo(N) is due to Mazur: 

Theorem (3.2) ([Maz78], Cor. 4.1) Let E' be a strong Weil curve, and p an odd prime 
of good or multiplicative reduction. Let ttq : Xo{N) -^ E' be the strong parametrization, and 
Co the associated Manin constant, defined by tTqIuje) = Cof{q)dq/q. Then the number cq E 7j 
is a p-adic unit. 
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The proof of this theorem relies on the fact that the Jacobian Jo{N) is a semi-abelian scheme 
over Zp when N is divisible by precisely the first power of p. Unfortunately, Ji ( A^) is not 
generally semi-abelian, and Mazur's arguments cannot be transferred directly when the level 
N is divisible by p. Nevertheless, we can still offer the following result. 

Proposition (3.3) Assume that N is divisible by at most the first power of p. Then the 
integers Cq and C\ are equal up to a unit factor in Zp. The integer C\ is a p-adic unit. 

Proof In view of Mazur's theorem above, it suffices to verify the first assertion. Consider 
the composite 

X,{N)q^X,{N)q^E'q (22) 

where the first map is the natural projection induced by ri(A^) C ro(A^), and the second is 
the strong parametrization. By definition of optimality, the map (22) factors as 

X,{N)q^Eq^E'q, (23) 

where the first map is optimal for Xi. Observe now that, under the map (22), a Neron 
differential on E' over Z pulls back on Xi{N) to the modular form cof{z)dz. This follows 
from the definition of cq, together with the fact that the natural projection of Xi to Xq 
induces the identity on g-expansions at infinity. 

On the other hand, we can compute the pullback of a Neron differential on E' by using 
(23) instead. The Manin constant of the first map is Ci, as that map is optimal for Xi. So 
the proposition will follow if we can check that a Neron differential on E'^ pulls back to a 
Neron differential on E^^, for each odd prime p of good or multiplicative reduction (here, 
as elsewhere, the subscript Zp on an abelian variety over Q denotes the Neron model). To 
check this condition on differentials, it suffices to show that E^^ -^ E'^ is etale. We will 
only treat the case of multiplicative reduction, as the case of good reduction is similar but 
easier. 

We start by studying the situation over the generic fibre Qp. Consider the diagrams 
gotten from (22) and (23) by replacing Xq and Xi by their respective Jacobians Jq and Ji. 
We get a commutative diagram over Q: 

E' -^ Jo 

i i 

E ^ Ji 

where the arrows of the square are induced by Picard functoriality. The maps E' -^ Jq and 
E ^ Ji are both injective, and the kernel of Jo -^ Ji is the so-called Shimura subgroup. 
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This is a finite flat group scheme (still over Q^) which is the Cartier dual of a constant group 
scheme. We see easily from this that the kernel G of the dual map E ^ E' is constant over 
Qp. Observe that this dual map is precisely the morphism appearing in (23). 

We may assume, using the Sylow theorems and the fact that multiplication by £ is finite 
fiat and etale over Zp, that G is nontrivial and has p-power order. We have shown that G 
is constant over the generic fibre, and it will suffice to transfer the constancy from Q^ to 
Zp. Here we will use the fact that the Neron models of E' and E are both semi-abelian 
schemes (since the curves have multiplicative reduction). Because of the semi-abelianness, 
we find that the kernel Kzj, of Ezj, -^ E'^ is quasi-finite and fiat over Zp (see [BRL90], pages 
177-178). 

Now write Gzj, for the constant finite fiat group scheme over Z^ whose generic fibre was 
called G above. Then by the Neron property there is a map Gzj, -^ E^^. Composing with 
Ezj, -^ E'^ , we find that the map Gz^ -^ Ez^ -^ E'^ is trivial along the generic fibre, hence 
trivial (everything in sight is fiat) . We find that G maps into the kernel Kz^ of Ez^ -^ E'^ , 
and that the isomorphism G = K holds over Qp. 

Now, since Kz^, is quasi-finite and fiat, and since Zp is Henselian, we have a canonical 
subgroup scheme FKz^ C Kz^, where FKzj, is finite fiat, and K/FK is quasi-finite and etale, 
and has trivial special fibre. Thus Gzj, sits inside the finite part of Kz^,- Since (K/G)zp is 
also quasi-finite and fiat, and has trivial generic fibre, it follows that {K/G)zp is finite fiat 
(the quasi-finite etale part has to be trivial on both fibres, hence trivial). But Gz^ and Kzj, 
are equal along the generic fibre, and must therefore have K = G. This shows that K is 
finite fiat and constant, and hence that Ez^, -^ E'^ is etale, as claimed. 

We can now complete the proof of (3.1). Consider the integration map 

H^{X^{N),Zpf^^^C. 

The image H{f)°' is a free Zp-module of rank 1, generated by the number fi?. To verify this 
last statement, note that since ai(/) = 1, the form / is not divisible by p in the space of 
cuspforms with integral coefficients. Thus the cocycle 5" is not divisible by p in the integral 
cohomology group, and there exists a homology class 7 such that 5" takes on a p-adic unit 
value when capped against 7. Since w" = fl'^S'^, it follows that H{f)'^ is generated by the 
period fi". HE is optimal, we define a free Zp-module H{E)°' by integrating the Neron 
differential uje on cycles in Hi{E,Zp)°'. Obviously H{E)°' is generated by fl%. Thus it 
suffices to show that (27ri)i7(/)" = H(E)'^. But this is clear, in view of the adjointness 
formula for the map tt : Xi(N) -^ E, the surjectivity of the map on homology, and the fact 
that the constant c(7r) is a p-adic unit. ■ 
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Remark (3.4) If E does not admit any p-isogenies, so that E[p] is irreducible, then it is 
clear that the Neron periods of any isogeneous curve differ from those of E' by a p-adic unit. 
Thus in this case we obtain fl% = fi?, for any choice of sign. 

Remark (3.5) The proof of (3.1) also yields some information about the periods of fi^ 
when a is not admissible. Namely, it is clear from the proof that, in this case, the cocycle 
S'j = u'j/fi% lies in the integral cohomology group H^^^(r,Zp), and that p does not divide 

As we have already remarked in the introduction, the congruence formulae are satisfied only 
by the nonprimitive p-adic L-functions. It will therefore be useful later to have a comparison 
between the periods of an nonprimitive form with those of the associated newform. The 
necessary result is given below. 

Lemma (3.6) Let f be a newform of level N = ^^ cinQ"', corresponding to the modular 
elliptic curve Eq. Assume that E has ordinary reduction at p, and let g = ^hnQ^ be the 
eigenform, of level M , obtaining from f by removing all Euler factors at primes q^ p such 
that q\N . Then, if a is an admissible sign for E, the canonical periods fij and fl'^ are equal 
up to p-adic unit. 

Proof. Since / corresponds to an elliptic curve, we have a„ e Q, for all n. Then, by 
construction of g, we have 6„ G Q for all n. Now let B denote the abelian variety quotient 
of Ji(M) associated by Shimura to g in [Shi73]. Note that the existence of this abelian 
variety does not require that 5' be a newform, merely that it be an eigenvector for all the 
Hecke operators. Since g has rational Fourier coefficients, it is clear that B is an elliptic 
curve isogenous to E. Shimura has shown furthermore that if co denotes a Neron differential 
on B, then the pullback of u to Ji(M) under the natural quotient map Ji(M) ^ i3 is an 
eigenvector for the Hecke algebra, with eigenvalues equal to those of the cuspform g. For 
all these results of Shimura, we refer the reader to [Shi73], Theorem 1, page 526. We may 
assume that the kernel K of the quotient map is connected. We contend then that the 
abelian variety K is stable under the action of the Hecke algebra. To see this, consider the 

exact sequence ^ K A Ji(M) ^ 5 A 0. Let t denote the endomorphism of Ji(M) 
induced by any Hecke operator over Q. It suffices to show that the composite jt : K ^ B 
given hj jt = j o t o TV is trivial (we are viewing operators as acting on the right). Let 
uj denote a Neron differential on B, and consider the differential form j^uj. Then one has 
(j oto7r)*aj = j*((t o7r)*aj) = j*{t{g)Tt*uj), since Tt*uj is an eigenvector for the Hecke algebra, 
with eigenvalues given by those oi g. But now j*{t{g)Tt*uj) = t{g) • {j*Tt*uj) = t{g) ■ {joTt)*uj = 
0. Thus jt induces the zero map on cotangent spaces. Since K is connected, it follows that 
Jt = 0. 
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We will show that the canonical periods of g coincide with the Neron periods of 5. To 
do this, it will be enough to show that the Manin constant of the parametrization ttm : 
Xi{M) ^^ Ji(M) -^ B is a p-adic unit. First consider the case of good reduction, that is, 
the case that {p,N) = {p,M) = 1. In this case, one checks that the original argument of 
Mazur from (3.2) can be modified without difficulty. The only step in which any property 
of newforms was used was in verifying the stability of K under the Hecke operators, and we 
have checked this above. However, the case of multiplicative reduction is more delicate. To 
treat this case, let F denote the group Fi(M/p) nFo(p), and let X denote the corresponding 
modular curve. Then 5' is a Hecke eigenform for F. Let C denote the elliptic curve quotient 
of J = Jac(X), corresponding to g, constructed as above. Let tt : X ^ C denote the 
corresponding parametrization, so that if u denotes a Neron differential on C, then 7r*u = 
c ■ g{z)dz, for a nonzero c G Z. Since X has semistable reduction at p (see [Wil95], page 

485, or [MW84], Chapter 2), Mazur's argument in [Maz78] implies that c is a p-adic unit. 
Indeed, Mazur's argument shows that 7r*aj restricts to a nonzero differential on Xf^ . Now, if 
p\c, then the q'-expansion of 7r*uj must vanish on the component of Xf^ containing the cusp 
00. But Wiles has shown (See [Wil95], Lemma 2.2, especially the bottom paragraph on page 

486, and recall that we are in the ordinary case.) that any nonzero differential on X^^ is 
nonzero on the component containing 00. ^ This implies that c is a p-adic unit. 

To sum up, we have shown that the canonical periods of the oldform g coincide with 
the Neron periods of an elliptic curve B isogenous to the optimal curve E of level N. If 
E[p] is irreducible as a Galois-module, then our lemma follows from Proposition (3.1), as E 
does not admit any nontrivial p-isogenies. It remains therefore to treat the case that E[p] 
is reducible. In this case, we let E'™'" denote the minimal curve in the isogeny class A of 
E and B constructed by Stevens in [Ste89], section 2. Stevens has shown that, ii A ^ A, 
there exists an etale isogeny cp : £'™'° -^ Az- If a is an admissible sign, it follows from the 
definitions that the kernel of ip has parity —a for the action of complex conjugation. This 
implies that the periods fl'\ and fl'^^in coincide. Since both E and B are members of A, the 
assertion of the lemma follows. ■ 

p-adic L-functions 

We want to give the definition of the p-adic L-function of a modular elliptic curve E, 
together with its various twists. More generally, we will define the p-adic L-function of a 
weight-two modular form. These functions were constructed by Mazur, Tate, and Teitelbaum 
in [MTT86]. Thus let K be an abelian number field. We assume that K is unramified at 

^In Mazur's original situation, the proof is concluded (page 142-143) by an application of the Atkin- 
Lehner involution w, which interchanges the two components. This is not applicable here, as g is an oldform, 
and hence will not in general be an eigenform for wm- 
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all primes dividing the level A^, and tamely ramified at p. The curve E is assumed of course 
to have ordinary reduction at p. Put G = Ga\{K/Q), and fix a character x of G. Write 
r = Gal {K^l K) for the Galois group of the cyclotomic Zp extension. We can and will 
identify F with the Galois group of the cyclotomic Zp-extension of Q. Let 7 denote a fixed 
topological generator of T. Put O = Zp[x] and A = C[[r]] = 0[[T]]. For a finite order 
character p : F ^ C^ , we define ( G /ip^ by C = pil)- 

Now let / = ^ a„g" denote a weight-two cuspform for the group Fi(A^). We assume that 
/ is a simultaneous eigenform for all the Hecke operators of level A^, and that ai = 1. We 
do not assume that / is a newform. With these notations, the x-twisted p-adic L-function 
of / is defined to be a power series 

satisfying the following interpolation property for every nontrivial character p of F: 

i^(/.X.C-l) = r(x-V-')-.(/)--^^^. (24) 

Here t{x~^P~^) denotes the usual Gauss sum attached to x~^P~^5 ^ind p™ is the conductor 
of p. The quantity ap{f) is the eigenvalue of Up on the p-stabilized newform associated to 
/. The period SI*? is a nonzero complex number, which we regard as fixed. The sign a is 
determined by ±1 = x(— 1). This interpolation property characterizes ^{f,x,T), by the 
Weierstrass preparation theorem. If Sq is any finite set of primes with p ^ Eq, then we define 
a nonprimitive L-function ^^°{f,x,T), characterized by the interpolation formula 

■^^°(/, X, C - 1) = rix-'p-') ■ apif)-- . ^[^:^4o^'J^ , (25) 

where the LY,g{f,XPi^) denotes the complex L-function of /, stripped of the Euler factors 
at primes contained in Eq. The p-adic L-function of an elliptic curve is defined in a similar 
manner. Namely, one takes the p-adic L-function of the corresponding modular form /, and 
specifies the period by replacing (— 27ri)fij with the Neron period Q'^. Thus the L-functions 
of isogenous elliptic curves will differ by a constant. 

Proposition (3.7) Assume either that E is optimal, or that E[p] is irreducible. Assume 
that the character x is unramified at all primes dividing N, and that x is tamely ramified at 
p. Then the L-function ^{E/<Q,x,T) is integral, i.e., we have ^{E/Q,x,T) e A. 

Proof. Let / denote the newform associated to E. We see from (3.1) and (3.5) above that 
the numbers fl'^ are such that the cocycle 5" defined by fi'^S'^ = u'^ lies in the integral 
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cohomology group H^{r,Zp) (see (19); we are not assuming that a is admissible). In view 
of the hypotheses on x, one can check that, ii ( ^ 1, then the values ^{E,x,C ~ 1) ^ire 
given by the cap product of the integral class S"' against an appropriate integral element in 
the homology group Hi{Xi; Z[x, (]) ■ This is well-known if the level A^ is prime to p (see 
[Ste82], Remark 1.6.2). lip divides A^, then A^ must be divisible by precisely the first power 
of p, as E has ordinary reduction. In this case a very similar argument to that of Stevens 
already cited proves the required integrality, when C 7^ 1- We omit the details. It follows 
that ^{E, X, (^ — 1) is p-integral for all C ^ 1, C G /ipoo. The required result now follows from 
the Weierstrass preparation theorem. ■ 

It is widely believed that the p-adic L-function of an elliptic curve is always represented 
by an integral power series. The defect in the foregoing proposition is that it gives no 
information about non-optimal curves E admitting rational p-isogenies. However, we can 
remedy this defect HE satisfies the hypotheses of theorem (1.3). Somewhat more generally, 
we have 

Corollary (3.8) Assume that E admits a cyclic p-isogeny with kernel $, such that $ is 
either unramified at p and odd, or ramifi,ed at p and even, as a Galois module. Then the 
X-twisted p-adic L-function of E is represented by an integral power series, for any even 
character x- If -E'"^* is the optimal curve in the isogeny class of E, then the period fi~^ 
coincides with Q~^„pt, up to p-adic unit. 

Proof It suffices to verify the final assertion. But this follows by exactly the same argument 
as was used in the conclusion of the proof of Lemma (3.6). Namely, one shows that the 
periods in question coincide with that of the minimal curve in the isogeny class. ■ 

Remark (3.9) The foregoing proposition and corollary may be reformulated as follows. We 
want to show that the x-twisted L-function of E is always represented by an integral power 
series. What we have shown is that this is in fact the case, except possibly for non-optimal 
curves E, and characters x such that the sign determined by x(~l) is not admissible for E. 
It is easy to see that, even in this latter case, the p-adic L-function will be integral if E occurs 
as a subvariety of the Jacobian of some modular curve of level A^. This includes for example 
the strong Weil curve, which in general will not be optimal. A complete resolution of the 
integrality question would follow from a conjecture of Stevens, [Ste89]. Namely, it would 
suffice to know that, if E is any elliptic curve over Q, then there exists an etale isogeny 
E^^ -^ Eip, for the optimal curve E°^^ isogenous to E. 

Our next result is the analytic ingredient in the proof of (1.4). 
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Theorem (3.10) Let Ei and E2 be elliptic curves of level Ni and N2 respectively, such 
that Galois modules Ei[p] and E2[p] are irreducible and isomorphic. Assume that the Ei 
have good ordinary or multiplicative reduction at p. Let Eq be the set of primes q ^ p 
such that q\NiN2. Then there exists an element u E O^ such that we have the congruence 
^^°{Ei/Q,XiT) = u ■ ^^°{E2/Q,x,T) (mod ttA), for every character x, where tt is a 
uniformizing element in O = liplx]- 

Proof. Let M = l.c.m(A'^i, A^2)- Let /i = ^ anQ^ and /2 = ^ bnQ^ denote the modular forms 
associated to Ei and E2 respectively. Then the hypothesis that Ei[p] = E2[p] implies that 
we have the congruence a„ = bn (mod p), whenever (n, M) = 1. This is clear if (n, Mp) = 1, 
and if n = p, then it follows from the results of [Wil88], as the curves Ei are assumed to 
be ordinary. Now let gi = Yl ^'n1^ ^^^ 92 = Yl ^nl" denote the eigenforms obtained from 
/i and /2 respectively by dropping all primes in S. Then we have a'^ = b'^ (modp), for 
all integers n. Theorem 1.10 of [Vat97] now yields a congruence as in the theorem, but the 
periods appearing will be the canonical periods attached to gi and g2. The result follows 
from Lemma (3.6). ■ 

Now we want to prove a similar theorem relating the p-adic L-function for an elliptic 
curve which admits a Q-isogeny of degree p to the p-adic L-function of a certain Eisenstein 
series, or equivalently, to the product of certain Kubota-Leopoldt p-adic L-functions. More 
precisely, we want to prove the congruence (12) stated in the introduction. Recall that 
C = iipo^ ® tp^^ and D = (Qp/Zp) ® tp, where tp is an odd character with values in Z^ . (For 
our application, we assume ip is unramified at p.) Just as in theorem (3.10), we will prove a 
more general result by allowing a twist by a Dirichlet character x- We will assume that x is 
even. The p-adic L-function ^{C, XiT) E A is characterized by the interpolation property 

^{C, X, C - 1) = L{C, xp, 1) = Lixr'p. 0) (26) 

for every nontrivial character p of F = Gal (Qoo/Q)- As before, ( = pij) where 7 is a fixed 
topological generator of F. -^(C, x, T) is related to the Kubota-Leopoldt p-adic L-function 

Lp{x^i)'^,s) by 

Lp{xu:r\s)=^{C,x,<ir -I) 

for all s e Zp. (Recall that k,{'^) G 1 + pZp gives the action of 7 on yu^co when we identify 
F with Gal (Q(/ipoo)/Q(/ip)). Also, note that ujip^^ = (p.) The Ferrero- Washington theorem 
asserts that ^{C, Xi T) ^ pA and the Mazur- Wiles theorem implies that the A-invariant of 
^(C, X, r) is equal to coranke)(S'c(g)x(Qoo)), which we denoted by X^^^^-i in section 1. The 
notation C ® x refers to the C-module C ®i C(x)i where Gq acts on the second factor by 
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X- To obtain the nonprimitive p-adic L-function ^^°(C, x, T), one multiplies -^(C, x, T) by 
the ^th Euler factors 1 — X'0~HO(1 + ^)'^' ^^^ ea.c\i I e Sq. Here fi e Z^ is determined by 
li = T''^', where 7; is the Frobenius automorphism for / in F. The value at T = (^ — 1 is the 
/-th Euler factor 1 — X'0^p(O iii L{xip^^p,s) at s = 0. The A-invariant of ^^°(C, x, T) is 

The p-adic L-function ^{D, x,T) E A is characterized by the interpolation property 

^(D,x,C-l) = T{x-'r'p-')L{D,xp,l)/27ri 

= r(x-V"V"')^(x#,l)/27rz (27) 

= |L(x-V"V"\o) 

for every nonzero character p of F, where p™ is the conductor of p. The last equality 
follows from the functional equation. ^{D, x, T) is related to the Kubota-Leopoldt p-adic 
L-function Lp{ujx^^ip^^ , s) by 

L,{cox-'r\s) = '^^{D,x.K{jy - I) 

for all s G Zp. The //-invariant of ^{D, x, T) is again zero and its A-invariant is A^^^-i^-i = 
A^^, which is equal to coranke)(S'£)0^(Qoo))- To obtain ^^°(D,x, T), one multiplies by the 
Euler factors 1 - x^lO^^^l + TY' for all / G Sq. The value at T = ( - 1 is the l-th Euler 
factor 1 — x'0p(O^^^ i^ L{x''pp,s) at s = 1. The A-invariant of ^^°(IP, x, T) is A^^^sg. 

Suppose that (p and -0 are as before, namely the Z^-valued characters corresponding to 
the composition factors $ and \l/ in the (jQ-module E[p], assuming that E admits a Q- 
isogeny of degree p. We assume that ip is odd and unramified at p, or equivalently that 
(fi is even and ramified at p. In this case, the admissible sign is plus, and the canonical 
period is the real period of E (up to multiplication by a p-adic unit). Let N denote the 
level of E and let Eq denote any set of primes containing all primes I 7^ p dividing N, but 
not including p. Define G = T^h^q^ to be the weight-two Eisenstein series determined by 
T,b„n~^ = L^°{ip,s)L^°{ip~^,s — 1). Here the superscript Sq indicates that we consider the 
non-primitive L- functions obtained by omitting the Euler factors for all / e Eq. 

For each even Dirichlet character tp, we let ^(G,x, T) denote the p-adic L-function 
(associated to G and x) characterized by the interpolation property 

^(G,x,C-l) = T{x-'r'p-')L{G,xp,l)/2m 

= (L^°(x^-V,0))(T(x-V"V"')^'^°(x#,l)/27ri) 

for all nontrivial characters p of F, where as before ^(7) = (. Then we clearly have 

^{G, X, T) = ^^°(C, X, r)^^°(D, X, T). (28) 
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The /i-invariant of ^(G,x, T) is zero because that is true for each factor in (28). Also, the 
A-invariant of ^(G,x, T) is equal to A^<^^So + \i>,T,o- The two terms are the C-coranks of 
5^^ (Qoo) and S'^J^ (Qoo), respectively. Theorem (1.3) is a consequence of the congruence 
in the following theorem. We just take x to be the trivial character. We then obtain that 
^l°Eo = ^^.so + A^,So which is in turn equal to A^^j.^ by (16). Thus A^^j.^ = A|°|!^ which 
by theorem (1.5) implies that At^ = A^'*^ The vanishing of /j.^^^ also follows from the 
congruence. (The vanishing of /i^^ was proved in section 2 under the hypotheses of theorem 
(1.3).) 

Theorem (3.11) Let x be any even character. Then we have congruence 

^^° (E/Q, X, T) =u^{G, X, T) (mod ttA) , 
where u is a unit in O. 

Proof. Let / denote the cuspform associated to E, and let g denote the form obtained by 
removing all Euler factors at primes q eTj. Then both / and G are simultaneous eigenforms 
at some common level M. Furthermore, if fi' = Yl^nQ"', then we we have the congruence 
a„ = bn (mod p) for every integer n. We contend now that the constant term of G at every 
cusp of Xi{M) is divisible by p. Observe first that the constant term bo of G at infinity 
vanishes; this follows from the fact that L(s, G) is holomorphic (x 7^ 1), and the well-known 
characterization of this constant term as the residue of the L-function at s = 1. Thus the 
modular form g—G = ^„>i c„q'" is such that p|c„ for all n. If (p, M) = 1, then our contention 
follows immediately from the g-expansion principle. If {p, M) ^ 1, then M must be divisible 
by precisely the first power of p. In this case one can argue as follows. The g-expansion 
principle ensures only that g — G vanishes on the component containing infinity of Xi(N)k, 
where k is the residue field oiZp[(]\[], and (^ = e^'^*/^ is a primitive A^-th root of unity. ^ This 
component contains the images of the so-called "infinity cusps," which are those represented 
by rational numbers of the form a/p^, with r > 1 and a prime to p. It follows that the 
Eisenstein series G has the property that its constant term vanishes modulo p at the infinity 
cusps. The assertion about the constant terms now follows from Hida's determination of 
the ordinary Eisenstein series ([Hid85], Thm. 5.8), since g is obviously ordinary. We have 
therefore checked all the hypotheses in Theorem (2.10) of [Vat97]. Applying that theorem 
gives the congruence 

^(^,X,C-l) = -^(G,x,C-l) (modTT), 
for every C 7^ 1- Our theorem follows as before. ■ 



^Here we are using the conventions of [MW84], Ch. 2; note that the curve denoted there by Xi{N)q is 
not the same as the one considered in 3. However, the two become isomorphic over Q{(n)- 
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Modular Forms with non-rational coefficients 

Finally, we want to briefly discuss the situation for p-adic L-functions associated to modular 
forms whose Fourier coefficients are not necessarily rational numbers. Much of the theory 
extends to this context, but there are some important differences, which we will now describe. 
Thus let / = ^ a„g" denote a weight 2 eigenform on ri(A^), with coefficients in the p-adic 
integer ring O. We write py for the usual Galois representation Gq -^ GL2{0) attached to 
/, so that Tr(Frob(q')) = a^, for all primes q not dividing Np. We assume as usual that 
N is divisible by at most the first power of p, and that a^ is a unit in O. We have seen in 
the preceding sections how to define a Selmer group Sel/(Qoo) for pj, and how to define a 
p-adic L-function ^(/, T). Then the main conjecture states that Sel/(Qoo) is A-cotorsion, 
and has characteristic ideal generated by the power series ^(/, T). We can define Iwasawa 
invariants //^^, /iy°^', Ay^, and Ay°^' as before, just as in the case of elliptic curves. Our task 

is, once again, to prove that /j.^^^ = p^^ = 0, and that Aj°^' = Xl^. We emphasize here 
that the definition of the p-adic L-function involves the choice of a complex period for /. 
From the viewpoint of modular forms, the natural choice is the canonical period of [Vat97]. 
However, the form / is associated to an abelian variety A, and one can also define a period 
in terms of the geometry of A (we will describe this below) although the definition is not so 
canonical as in the case of elliptic curves. These definitions can be shown to be equivalent in 
most cases; presumably the periods are equal in general, but we cannot prove this at present. 
Consider first the analogue of Theorem (1.3). Let T denote the Hecke ring for ri(A^), with 
coefficients in C, and let m denote the maximal ideal determined by /, and let F denote the 
residue field of the completion T^. There is a semisimple representation p^ : Gq -^ GL2{¥) 
satisfying Tr (Frob(q')) = Tg, for any q with {Np, q) = I. The analogue to the hypothesis of 
Theorem (1.3) is that p^ be reducible in the sense that there exist characters ip, tp : Gq -^ F^ , 
such that 

pm = (p®tp. 

We would like to define canonical periods for /, but unfortunately, this is not always possible. 
We will therefore make the following assumption: the characters (p and ip are distinct when 
restricted to the decomposition group Dp. Such a representation is said to be p-distinguished 
(see Theorem 2.1 in [Wil95], Chapter 2; also [Vat97], Theorem 2.7.) This condition will 
always be satisfied if, for instance, the level A^ is prime to p. With the assumption that p^ is 
p-distinguished, we single out the character ip by requiring that it be unramified, and that it 
satisfy ip{Fvoh{pj) = ttp in F^ . Let o; = ± be the choice of sign determined by —ip{—l) = ±1. 
Since p^ is assumed to be p-distinguished. Theorem 2.7 of [Vat97] implies that the canonical 
period fl^ exists. 
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Let (p and -0 denote the Teichmuller lifts of (/? and -0 to C^. There exists an Eisenstein 
series G = '^bnQ^ of level A^ such that 6„ = ip{q) + q(jJ~^{q)^{q), for all primes q with 
{q,Np) = 1, and a„ = 6„ (mod n) for all n > 0. Furthermore, we may assume that the 
constant term of G at every cusp is divisible by the uniformizer tt of O. (This is a standard 
argument; see the proof of Theorem 3.3 in [Vat97], or the proof of Theorem (3.11) above.) 
Let X be any Dirichlet character with conductor prime to N, and with x(~l) = ~i'{~^)- 
We may choose O large enough to contain the values of x- Let Eq denote any finite set of 
primes, with p ^ Tiq, and containing all other primes q ^ p dividing A^. As in the proof of 
Theorem (3.11), we obtain the following result: 

Theorem (3.12) Assume that p^ is p- distinguished. Then there exists an invertible power- 
series U^{T) such that the following congruence holds: 

^^°(/,X,r) = C/^(r) •^^°(x^u;-\r) .^^"(X-V"', (I + T)-' - l) (mod ttA). 
Thus, the invariant 12 j""' is trivial. The main conjecture is true for f . 

Here the period appearing in ^^°(f,x,T) is the canonical period fi^ attached to the 
eigenform g obtained from / by dropping all Euler factors in Sq. It is possible to give a 
geometric interpretation of this quantity as a period on a suitable abelian variety. To this, 
one can proceed as follows. Without loss of generality, we may assume that / is a newform 
of level A^. Let A = Aj denote the abelian variety quotient of J = Ji{N) constructed by 
Shimura. We may assume that A is optimal in the sense that the map J ^ A has connected 
kernel. Let R C C denote the Z-algebra generated by the Fourier coefficients of /. Then R 
is an order is a number field, and there is an embedding of R into the endomorphism ring 
of A. Working locally at p, it can be shown that the cotangent space Cot(J) = H^{Xi,Q^) 
is locally free over Rp = R® Z^. Furthermore, each of the spaces Hi(J,Zp)'^ is also free 
over Rp. Let u denote a generator for Cot(J) ® Zp as an Rp module, and let c^ denote 
a generator for ifi(J, Zp)^. Then we can define geometric periods fi^ by Q^ = J±uj. If 
the representation p^ is p-distinguished and if the abelian variety has good or semistable 
reduction at p, it can be shown that the periods ff^ = fij, for an admissible sign a. We 
note however that the abelian varieties that arise for forms on Ji{N) need not have good or 
multiplicative reduction when p\N, even if p^ is p-distinguished. 

There is also an analogue of Theorem (1.4) for forms with non-rational Fourier coefficients. 
To formulate this, consider a pair of newforms / = '^anq",g = ^h^q^ of level A^ and M 
respectively. We assume that the ring O is sufficiently large to contain the Fourier coefficients 
of / and g, and that both a^ and hp are p-adic units. Suppose there exists a finite set of 
primes Eq, containing all primes q^ p dividing NM, but not containing p, such that a„ = 6„ 
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(mod tt) for all n indivisible by the primes in Eq. There exists a unique representation 
p : Gq :^ GL2{0/7rO) satisfying Tr (p(Frob(g)) = ag = bg in the residue field O/ttO, for all 
primes q ^ Eq. Then p is ordinary by a theorem of Wiles (see [Wil88], Theorem 2.1.4). Let 
A and B denote the optimal abelian variety quotients of Ji{N) and Ji(M) associated by 
Shimura to / and g respectively. By proceeding as above, we may define geometric periods 
Q^ and fi| for A and B. 

Let Eo be a finite set of primes as before, containing all primes q ^ p dividing NM, but 
not containing p. The results of section 2 in [Vat97] now imply the following result. 

Theorem (3.13) Let the hypotheses be as above. Assume in addition that the representation 
p is irreducible and p-distinguished. Then we have the congruence 

^^°(/,x,r)=^^°(^,x,r) (modTT). 

// the abelian variety A has good or semistable reduction at p, then the geometric periods of 
A coincide with the canonical periods of f up-to p-adic unit. A similar statement holds for 
B and g. 

Combining this with the the Selmer group calculations of Section 2 and the arguments 
outlined in the introduction, we obtain the following result. 

Corollary (3.14) Let the notation be as above. Assume that the representation p is p- 
distinguished and irreducible. If the equalities n^c^ = //?""' = and X^J = A?""' hold, then we 
have the further equalities pf^ = p^"**' = and Xf^ = A^"'*^ The main conjecture holds for 
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